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Abstract. We consider crossed product Hi factors M = N x CT G, with G discrete 
ICC groups that contain infinite normal subgroups with the relative property (T) 
and a trace preserving actions of G on finite von Neumann algebras N that are 
"malleable" and mixing. Examples are the actions of G by Bernoulli shifts (clas- 
sical and non-classical), and by Bogoliubov shifts. We prove a rigidity result for 
isomorphisms of such factors, showing the uniqueness, up to unitary conjugacy, of 
the position of the group von Neumann algebra L(G) inside M. We use this result to 
calculate the fundamental group of M, JP(M), in terms of the weights of the shift er, 
for G = J? X SL(2, Z) and other special arithmetic groups. We deduce that for any 
subgroup S C there exist Hi factors M (separable if S is countable or S = 
with &{M) = S. This brings new light to a long standing open problem of Murray 
and von Neumann. 



0. Introduction. 

This is the first of a series of papers in which we study rigidity properties of 
isomorphisms 6 of crossed product Hi factors Mo, M arising from certain actions 
of groups on finite von Neumann algebras. We also study isomorphisms between 
amplifications of such factors. Typically, we assume the "source" factor Mq comes 
from an action of a group Go having a large subgroup H C Go with the rela- 
tive property (T) of Kazhdan-Margulis (Go is w-rigid), while the "target" factor 
M comes from an action (a, G) with good "deformation+mixing" properties (a 
malleable action), e.g. an action by Bogoliubov or Bernoulli shifts (classical and 
non-classical) . The "ideal" type of result we seek to prove, is that any isomorphism 
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between such factors comes from a conjugacy of the actions involved. Thus, M , M 
can be isomorphic only if they come from identical group+action data. 

Such strong rigidity results will be obtained in the sequel papers with the same 
title [Po6] (the "group measure space" case) and [Po7] (the "non-classical" case). 
In the present paper we prove a key preliminary rigidity result needed in this 
program, showing that, after a suitable perturbation, any isomorphism 9 as above 
must necessarily take the w-rigid group Go into the group subalgebra L(G) of M. 
More generally, we prove that any relatively rigid subalgebra Q C M is "swept" by 
L(G), via a canonical (usually inner) automorphism of M. 

Besides its role in ([Po6,7]), this result already enables us to calculate here the 
fundamental group JF(M) of crossed product Hi factors M coming from (non- 
classical) Connes-St0rmer Bernoulli shift actions of arithmetic groups such as G = 
Z 2 x T, with T C SL(2, Z) a sub group of finite index, by using results from ([Po3], 
[Ga]). Thus, if {ti}i are the weights of a (see [CSt]), then j£"(M) is equal to 
the multiplicative group generated by the ratios {ti/tj} i; j. As a consequence, we 
obtain that any countable subgroup S C can be realized as a fundamental 
group of a separable Hi factor M (i.e., with L 2 (M) separable, or equivalently M 
countably generated). In fact, by considering Connes St0rmer G-Bernoulli shifts 
coming from non-separable Araki- Woods factors, we obtain Hi factors M with 
J^~(M) any uncountable subgroup S C as well, but dimL 2 (M) = \S\. 

This brings new light to a longstanding problem of Murray and von Neumann 
on the nature of the fundamental group of Hi factors. They were led to consider 
this invariant and to pose this problem by their theory of continuous dimension and 
their discovery that one can take u t by t matrices" over a II i factor M, for any t > 0. 
This one parameter family of Hi factors, denoted M* and called amplifications of M 
by t, is used to define the fundamental group of M by J?(M) = {t > | M* ~ M} 
([MvN2]). After proving that &(R) = R* + (in other words R l ~ R,Vt > 0) for 
the hyperfinite Hi factor R, they comment: "There is no reason to believe [that 
JF(M) = for all factors M]. The general behavior of this invariant remains 
an open question." (see [MvN2], page 742). Variants of this problem were also 
mentioned in ([K], [Sa], [J3]). 

It took almost 40 years until the first progress in this direction was made, with 
Connes's breakthrough discovery that for group factors M = L{G), ^{L(G)) re- 
flects the rigidity properties of the group G, being countable whenever G has the 
property (T) of Kazhdan. Connes' idea was further exploited in ([Po2], [GoNe], 
[GeGo], [Po5]) to obtain new classes of separable Hi factors M with countable 
J^(M), including examples for which &{M) contains a prescribed countable set. 
But the first exact computation of a fundamental group 7^ lR!j_ was obtained only 
recently, in ([Po3]), where it is shown, for instance, that ^(L(G)) = {1} for any 
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group of the form G = Z 2 x T, with T a subgroup of finite index in SL(2, Z) (e.g. 
T = F n ). The result in this paper solves the problem completely, by showing that 
any subgroup of IR!j_ can be realized as a fundamental group of a Hi factor. 

Note however that the problem of finding all subgroups of R^j. that can occur as 
fundamental groups of separable Hi factors (which is the really interesting case!) 
is not completely solved. Thus, our result only shows that, besides IR+ itself, all 
countable subgroups of IR+ can appear. However, we conjecture that the only 
uncountable subgroup of R+ that can occur as a fundamental group of a countably 

generated Hi factor is Ml. As a supporting evidence, note that there are 2 2 many 
distinct subgroups of and only 2 K ° isomorphism classes of countably generated 
Hi factors, so "most" uncountable subgroups of cannot appear as fundamental 
groups of separable factors. 

To state in more details the results in this paper, recall some basic concepts and 
definitions. Given a finite von Neumann algebra with a trace (A, r) and an action 
a : G — > Aut(A, r) of a discrete group G on A by r-preserving automorphisms, its 
associated crossed product von Neumann algebra A x\ a G is generated by a copy of 
the group G, {u g } gfE G, and a copy of the algebra A, acting on the Hilbert space 
H = ® g L 2 (N,T)ug by left multiplication subject to the product rules u g ^Uh = 
a g {^)u g h^g, h E G, £ E L 2 (A, r). Thus, the finite sums x = T, g y g u gi y g E A are 
weakly dense in A x ff G and in fact any £ 2 -convergent formal sum x = T, g y g u g with 
"coefficients" y g in A that satisfies x ■ H C H defines an element in A x ff G (as left 
multiplication operator), and all x E A y\ a G are of this form. The trace r on A 
extends to all A >i ff G by T(T, g y g u g ) = r(y e ). 

This construction goes back to Murray and von Neumann ([MvNl,2]). The 
particular case when A = C gives the group von Neumann algebra L(G) associated 
to G. Thus, L(G) is a natural subalgebra in any N y\ a G. It is a Hi factor iff G 
is infinite conjugacy class (ICC). In case a is an action of G on a probability space 
(A, fx) by measure preserving transformations, it induces an action on the function 
algebra A = L°°(X,n) which preserves r = J -dfi and the corresponding crossed 
product L°°(A, (u) x CT G is called the group measure space algebra associated to 
(a, G) . It is a Hi factor whenever a is free, ergodic and G infinite. 

An example that we often consider in this paper is the (classical) Bernoulli 
shift action of G on product spaces (X,/j) = U g (Yo, z/ ) s , with base (Y , z/ ) a 
probability space 7^ single point set. These actions are extremely "malleable", 
a feature that enables us to detect all "rigid parts" of the group measure space 
algebra L°°(X,n) y\ a G. Recall from ([Po3]) that a subalgebra Q of a Hi factor 
M has the relative property (T) (or that Q is relatively rigid in M ) if any unital, 
tracial completely positive map on M which is close to idM on a sufficiently large 
finite subset of M (in the Hilbert norm ||x||2 = t(x*x) 1 ^ 2 ) is uniformly close to the 
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identity on the unit ball of Q. 

0.1. Theorem. Let a be a Bernoulli shift action of an ICC group G and denote 
M the corresponding group measure space factor. Let Q C M be a diffuse von 
Neumann subalgebra with the relative property (T) . If Q is either of type II or its 
normalizer in M generates a factor, then there exists a unitary element u G M such 
that uQu* C L(G). Moreover, if P denotes the von Neumann algebra generated by 
the normalizer of Q in M then uPu* C L(G). 

If H C Go is an inclusion of groups then L(H) C L(Gq) has the relative property 
(T) iff the pair (Go, H) has the relative property (T) of Kazhdan-Margulis ([Ma]; see 
also [dHV]). Thus, if (00, Go), { a ->G) are actions of groups on finite von Neumann 
algebras (No, To), (N,t), 9 : M ~ M is an isomorphism of the corresponding 
crossed product algebras M = N x ao G , M = N y\ a G and H C G is a subgroup 
with the relative property (T), then Q = 0(L(H)) C M has the relative property 
(T) in M. Thus, if we take the groups Go, G to be ICC and Go to be weakly 
rigid (w-rigid), i.e. to have an infinite normal subgroup with the relative property 
(T), then Theorem 0.1 shows that any 9 : M ~ M can be perturbed by an inner 
automorphism so that to take L{Gq) into L(G) (even onto if G is w-rigid as well). 

All we actually need for the proof of the above result is the malleability of a : G — > 
Aut(iV, r) (in the case N is abelian, an even weaker property called sub malleability, 
is sufficient). This property amounts to the existence of an embedding of N as the 
core of a von Neumann algebra with discrete decomposition (A/", ip) ([C2,3], [Tl,3]) 
on which G acts by an extension of a, such that there exists a continuous action a 
of R on Af = Af®Af commuting with the product action a g = o~g®a g and satisfying 
a.\{M ® 1) = 1 <8> M. We call a a gauged extension for a. It comes with a countable 
multiplicative subgroup S(a) C Rl, given by the almost periodic spectrum of the 
discrete decomposition (Af, cp) (i.e., of the modular group associated with cp). Since 
the core of A/"x G is M = N x G, the group S(a) is contained in J?(M). Even more, 
for each (3 G S(a), the inclusion x G C Af x G gives rise to a family of /3-scaling 
automorphisms Aut j g(M; <r), any two of which differ by an inner automorphism of 
M. A stronger version of this property, called s -malleability, requires the existence 
of an additional period-2 automorphism ( "grading" ) (3 of N that leaves M pointwise 
fixed and satisfies (3a t = ct-tf3, Vt. 

A classical Bernoulli shift action a of a group G on the product space T G is 
easily seen to be s-malleable (sub s-malleable for arbitrary base space (Yq, i/q)) with 
S(a) = {1} and Aut(M; a) coincides with the inner automorphisms of M. A non- 
classical Connes-St0rmer Bernoulli shift action a on the infinite tensor product 
algebra (Af,(f) = ®g(Mfc X fc(C), (po) g , with ip a state of weights {U}i, is also s- 
malleable. In this case S(a) is the multiplicative group generated by the ratios 
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{U/tj}i,j C R* + (cf. [AW], [P]). By replacing the base (M kxk (C), ip ) of the G- 
Bernoulli shift in the above construction with an arbitrary, possibly non-separable 
IPTF1 Araki- Woods factor (A/o,</?o), we still get a malleable action. In this case, 
S(a) is equal to the almost periodic spectrum of ipo, and thus can be taken to be 
any multiplicative subgroup S of R+. Actions by weighted Bogoliubov shifts ([PSt]) 
satisfy a similar malleability condition. With these notations we have: 

0.2. Theorem. Let Mi be a type P±i factor of the form Mi = JV t >n ffi Gi, where Gi 
is w-rigid ICC, o~i : Gi — > Aut(A^, Tj) is a Connes-St0rmer Bernoulli shift, 2 = 0,1. 
Assume there exists an isomorphism 6 : Mq ~ M(, for some s > 0. Then there 
exist pi G S(ai) and 0£. G Aut^ (M»; cr*) aucfc too* 0^ (0(L(G o ))) = L(Gi) s/3l ; 
6>(6>° o (L(Go))) = L(Gi) s ^°. Moreover, (3q = A o^rf 0^. ore unique modulo pertur- 
bation by an inner automorphism implemented by a unitary of L(Gi). 

When applied to the case Go = G\ = G, o~q = o~\ = a and Mq = Mi = N x a G, 
with G w-rigid ICC and a a Connes-St0rmer Bernoulli shift, the above theorem 
shows that if s G &{N x a G) then there exists (3 G S(a) such that s(3 G &(L(G)). 
Hence, if &{L{G)) = {1} then s = (3' 1 E S(a), implying that &{N x a G) = 
S{a). Thus, if we take G = Z 2 x SX(2,Z) (which is w-rigid), then the calculation 
&{L{G)) = {1} in ([Po3]) implies &(N x a G) = S(a). More generally, from the 
results in ([Po3]) on HT factors and their ^ -Betti numbers (3 n , for which the 

fundamental group is trivial whenever there exists some n with f3 n ^ 0, oo, one 
gets : 

0.3. Corollary. 1°. Let G be a w-rigid ICC group and a a malleable mixing action 
of G on (N,t), with an extension a having spectrum S(a). If J?(L(G)) = {1} then 
^(N x CT G) = S(a). In particular, this is the case if L(G) is a HT factor and 
f3 n (L(G)) 7^ 0, oo for some n. 

2°. Let Gi be w-rigid ICC groups and o~i Connes-St0rmer Bernoulli shifts of 
Gi on (Ni,Ti), % = 0, 1. Assume L(Gi) are HT factors with (3 n (L(Go)) = 
and (3 n (L(Gi)) ^ 0, oo for some n. Then N x^ Go is not stably isomorphic to 
Nt x ai G x . 

It is easy to see that for any countable subgroup S C there exists a Connes- 
St0rmer Bernoulli shift with the ratios {ti/tj}ij of its weights {ti}i generating 
S. Thus, any countable subgroup S C R+ can be realized as x CT G), with 

G = Z 2 x SL(2, Z) and a a Connes-St0rmer Bernoulli shift action of G. Noticing 
that such actions leave invariant a Cartan subalgebra of the hyperfinite Hi factor, it 
follows that the factor N x a G is naturally isomorphic to the von Neumann algebra 

of an equivalence relation S with fundamental group &(S) d = {t > | S f ~ S} 
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equal to &{N x CT G). Moreover, one can take a Connes-St0rmer G-Bernoulli shift 
action a on ® g (M.o, tpo) g , with the base (A/o,</>o) a suitable non-separable ITPF1 
factor, to get S(a) to be an arbitrary uncountable subgroup 5 C as well. Thus 
we have: 

0.4. Corollary. Let S be an arbitrary subgroup ofM.*^ and let V C SL(2,Z) be a 
subgroup of finite index (e.g. V ~ F ny ). 

1°. There exist properly outer actions a of V on an approximately finite dimen- 
sional Hi factor N such that <^(N y\ a Y) = S. Moreover, if S is countable or 
equal to M.+ then N can be taken to be the hyperfinite Hi factor R (i.e., the unique 
approximately finite dimensional Hi factor) . 

2°. If S is countable, then there exist countable, measurable, measure preserv- 
ing ergodic standard equivalence relations S of the form 1Z xi V, with TZ ergodic 
hyperfinite equivalence relation and V acting outerly on 71, such that ^(S) = S . 

Note that if a Hi factor M comes from an equivalence relation S then ^(S) C 
&(M). Related to the problem of showing "«^(M) ^ R* + ^ &{M) countable" 
for all separable Hi factors M, mentioned earlier, it would of course be equally 
interesting to prove the similar fact for equivalence relations. 

The ideas and techniques used in the proof of 0.1 and 0.2 are inspired from 
([Pol, 3, 4]). Thus, the malleability of a combined with the the w-rigidity of G 
allows a "deformation/rigidity" argument in the algebra M. = H xig- G. As a 
result of this argument, we obtain a non-trivial L(Gq) — L(G) Hilbert submodule 
of L 2 (.M , </?) which is finite dimensional as a right L(G)-module (M. denotes here 
the von Neumann algebra M x a G) . Using "intertwining subalgebras" techniques 
similar to ([Po3], A.l), from such a bimodule we get a unitary element u G M. that 
normalizes M = N x G and conjugates a corner of L(Gq) onto a corner of L(G). 
The trace scaling automorphism Op in Theorem 0.2 is then nothing but Adu. 

In the case of 0.2, this argument is carried out in the framework of von Neumann 
algebras with discrete decomposition (thus possibly of type III) , whose theory was 
developed in the early 70's by A. Connes ([C2,3]). Our work benefits directly or 
indirectly from these papers, the Tomita-Takesaki theory, Takesaki duality and 
the work on type III factors in ([CT], [Tl]). However, since our states ip are 
almost periodic (thus "almost-like traces" ) the formalism simplifies, allowing us to 
complete most of the proofs by just using "Ili-corners" of lloo factors, their trace 
scaling automorphisms and the associated crossed product algebras. 

The paper is organized as follows: In Section 1 we recall some basic facts about 
discrete decomposition of von Neumann algebras, introduce definitions and nota- 
tions related to malleability of actions, and give examples. In Section 2 we prove 
several equivalent conditions for subalgebras of the core M = M. v of a factor with 
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discrete decomposition (M.,<p) to be conjugate via partial isometries of M. that 
normalize M. The effectiveness of these conditions depends on a good handling 
of relative commutants for subalgebras in M. = N x G, and Section 3 proves the 
necessary such results. In Section 4 we prove the main technical result of the pa- 
per: a generalized version of 0.1 showing that if a is malleable mixing then L(G) 
"absorbs" all relatively rigid subalgebras of M = N x CT G (see 4.1 and 4.4). 

In Section 5 we prove 0.2-0.4, while in Section 6 we relate the class of factors 
studied in this paper with the HT factors introduced and studied in ([Po3]), showing 
the two classes are essentially disjoint. As an application, we prove that (classical) 
Bernoulli Fractions cannot be orbit equivalent to the actions of F n considered in 
([Po3]), thus providing two new free ergodic actions of F n , non-orbit equivalent to 
the three ones constructed in ([Po3]) and to the one in ([Hj]). 

This work initiated while I was visiting the Laboratoire d'Algebres d'Operateurs 
at the Universite de Paris 7, during the Summer of 2001. I am grateful to the 
CNRS and the members of the Lab for their support and hospitality. During the 
final stages of writing this paper I benefitted from many useful comments and 
discussions with A. Connes, D. Gaboriau, N. Monod, M. R0rdam, G. Skandalis 
and M. Takesaki, and I take this opportunity to thank them. The results presented 
here have been first announced at the WABASH Conference in September 2002. 

1. Malleable mixing actions and their gauged extensions 

We first recall the definition and properties of von Neumann algebras with dis- 
crete decomposition, which play an important role in this paper. Then we consider 
actions of groups on discrete decompositions and their associated cross product 
algebras. Following ([Pol]), we next define the notion of gauged extension and the 
malleability property for actions. We introduce notations, list basic properties and 
give examples. 

1.1. von Neumann algebras with discrete decomposition. A von Neumann 
algebra with a normal faithful state (A/", <p) has a discrete decomposition if the 

centralizer of the sate cp, N = J\f<p = f {x E M \ <p{xy) = cp(yx),\/y E A/"}, satisfies 
N' n M = Z(N) and the modular automorphism group a v associated with ip is 
almost periodic. The almost periodic spectrum of a v is called the almost periodic 
spectrum of the discrete decomposition, and is denoted S(Af,ip). The centralizer 
algebra N is called the core of the discrete decomposition. 

The discrete decomposition (A/", y?) is factorial if N = M v is a factor. It is tracial 
if N = Af and it is of type III if M is a type III von Neumann algebra. 

1.1.1. A cross product form for discrete decompositions. The structure of a discrete 
decomposition (A/", <p) can be made more specific as follows: 
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For each (3 E C let Hp = {x E Af \ <p(xy) = (3<p(yx),Vy E Af. Then S(Af, <p) = 
{/3 | H® 7^ 0} and the vector space H® can alternatively be described as {x E Af | 
af(x) = (3 u x}. 

We have HpH°p, = H° pf3 , and (Hp)* = Wg_ l5 with H\ = Af v = N and with all 
Hp being N — N bimodules. In particular, T,pHp is a dense *-subalgebra of Af, 
with L 2 (Hp) = H°p C £ 2 (A/", <f), P E H(Af, (p), mutually orthogonal Hilbert spaces 
and L 2 (Af, <p>) = Q)pL 2 (H°p). Thus, if pp denotes the projection onto the eigenspace 
L 2 (H%), then Zp Pp = 1. 

Note that if E = En denotes the </>preserving conditional expectation of Af onto 
N, then E(Hp) = 0, V/3 7^ 1. Also, the projection coincides with the projection 
6 7v implementing the expectation E by e^xeN = E(x)bn, x E Af ([T2]). 

1.1.2. The normalizing groupoid. By the above properties, if x E Hp, for some 
(3 E H(Af,(p), and x = w\x\ is its polar decomposition, then |x| E N and the 
partial isometry w lies in Hp. We denote by QVp(Af, <p) the set of partial isometries 
in Hp and note that if v E GVp(Af,<p) then v*v,vv* E N, t(vv*)/t(v*v) = (3, 
vNv* = vv*Nvv*, r(vyv*) = (3r(y), Wy E v*vNv*v, where r = <p\N- Note also that 
H°p = s P gVp(Af,v). 

1.1.3. Fundamental group of the core. In case the discrete decomposition (Af,<p) 
is factorial, each non-zero v E GVp(Af, <p) can be extended to either an isometry, if 
(3 < 1, or a co-isometry, if (3 > 1. Also, if v E QVp(Af, ip) then Hp = spNvN. 

If (Af, (p) is both factorial and infinite dimensional, then A" follows a factor of 
type Hi and any non-zero v E QVp(Af, <p>) implements an isomorphism dp from A" 
onto the /3-amplification N@ of N , uniquely defined modulo perturbation by inner 
automorphisms implemented by unitaries in appropriate reduced algebras of N°° . 
Thus, S(Af,ip) is included in the fundamental group of N, ^P(N). We denote by 
Autp(N;Af) the set of such isomorphisms a p. 

1.1.4. Discrete decompositions from trace scaling actions. All factorial discrete 
decompositions arise as follows (see [C2,3], [T3]): Let (N,t) be a type Hi factor 
with its unique trace, Tr = r <8> Tr^/pm the infinite trace on A^°° = N®B(£ 2 N), 
S C &(N) a countable subgroup of the fundamental group of A" and an action 
of S on A^°° by Tr-scaling automorphisms, i.e., such that Tr o Op = (3Tr, V/3 E H. 
Let Af°° = A^°° x q H and E°° the canonical conditional expectation of Af°° onto 
N°°. Let q = 1 <8> qo, for some one dimensional projection q in B(£ 2 N). Then 
(Af, tp) = (qAf°°q, toE^j-) has a discrete decomposition and S = S(Af, <p), E = Effi. 

1.1.5. Discrete decomposition for weights. The following more general situation will 
be needed as well: Let (C, 4>) be a von Neumann algebra with a normal semifinite 
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faithful weight. We say that (C, (f>) has a discrete decomposition if 4> is semifinite 
on the centralizer von Neumann algebra = {x G C | crf(x) = x,\/t G K} and if 
(pCp, 4>(P'P)) has discrete decomposition for all projections p in C§ with <p(p) < oo. 

If this is the case, then we put S(C, 4>) = f U p S(pCp, 4>{p ■ p)). 

We denote by H° = Ti°(C, 4>) the Hilbert algebra {x G C \ <p(x*x) < oo, <p(xx*) < 

00} and for each (3 G S(C,(f>) we let Wg(C,0) = f {x G 7i° | = 0(j>(yx),Vy G 

7i }. Note that a; G iff x G H° and of (a;) = /3 i4 x,Vt, and that is a 
hereditary *-subalgebra of Cp, while Yjph^ is a dense *-subalgebra of C, with similar 
multiplicative properties and Hilbert structure as in the case is a state tp. 

1.2. Actions on discrete decompositions. Let (J\f,<p) be a von Neumann 
algebra with discrete decomposition and (iV, r) = ^lAf^) hs centralizer algebra, 
as in Section 1.1. Let a : G — > Aut(A/", y?) be a properly outer action of a discrete 
group G, whose restriction to (N, r) is still denoted a. 

Denote Ai = Af x CT G and M = N y\ a G. We regard M as a subalgebra of 
A4 in the natural way, with {u g } ge G C M G Ai denoting the canonical uni- 
taries simultaneously implementing the automorphisms a g on A/", N. We denote by 
L(G) C M C M the von Neumann subalgebra they generate. 

We still denote by ip the canonical extension of (p from M to M. and by i? the (p- 
preserving conditional expectation of M. onto M. Also, £^ will denote the canonical 
(^-preserving) conditional expectation of A4 onto Af. 

Since the action a on Af is ip- invariant, it commutes with the corresponding 
modular automorphism group on Af. Thus, (A4, (p) has discrete decomposition, 
with core M v = M. Moreover, S(M,(f) = S(Af, (p), H° p (M) = (Z g H p (Af)u g )- = 
spH°p(Af)M and we have the non-degenerate commuting square: 

M c M 

u us 

N c Af 

If a is ergodic on the center of N (thus on the center of Af too, since Z(Af) C 
N' C\Af = Z(N)), then M = N y\ a G follows a factor and, by the remarks in 1.1, 
we have S(M, <p) C &{M). 

1.3. Basic construction for subalgebras of discrete decompositions. We 

recall here the basic construction associated with subalgebras of discrete decompo- 
sitions and explain how the corresponding extension algebras have discrete decom- 
position themselves. 

1.3.1. The case of subalgebras of the core. Let (At, <p) be a von Neumann algebra 
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with discrete decomposition and let B C M = M v be a von Neumann subalgebra. 
Let Eb be the unique (^-preserving conditional expectation of M. onto £?, with 
efl e B(L 2 (M, (p)) the orthogonal projection of L 2 (Af,</?) onto L 2 (£?,</?)• Thus, 
e B implements E B on At by e B Xe B = E B (X)e B ^X G M ([T2]). We denote by 
(At,e.e) the von Neumann algebra generated in £>(L 2 (A1, ip)) by At and es and 

call the inclusions B C M C {M.,es) the fraszc construction for S C At. 

Since e#(.M, es)eB = -Be# and es has central support 1 in (At,e.e), (At, eg) 
is an amplification of B, thus being semifinite, and there exists a unique normal 
semifinite faithful trace Tr on (At, es) such that Tr{bes) = </?(&), V6 G -B. 

However, the "canonical" weight on (At, es) is not Tr but the following: Let $ be 
the normal semifinite faithful operator valued weight of (At, es) onto M. determined 
by <&(xeBy) = xy, x,y G Af, and denote = <p o <fr. Then is a normal semifinite 
faithful weight on (At,<p) which satisfies ^(e^y) = (piYes), 4>(xY) = (3(j)(Yx) for 
all x G Hp(M.,ip), Y G spAfesAL Thus, the modular automorphism group af on 
(At, e_e) is itself almost periodic and ((At, es), 0) has discrete decomposition with 
the eigenspace Wjg o ((At, es), 0) being generated by IlpHp o peB'Hp'-i- Moreover, 
noticing that pp G (M, es), V/?, is related to the trace Tr by the formula: 

(1-3.1) 0(0 = S/36S0CP/3 • Pp) = Zp eS f3Tr(pp ■ pp) 

1.3.2. The general case. Let now (£>, <p) be a discrete decomposition with </? a state 
and let £>o C B be a von Neumann subalgebra with the property that there exists 
a (^-preserving conditional expectation Eq of B onto Bq. Let eo be the orthogonal 
projection of L 2 (£>, </?) onto L 2 (£>o,</0 and C = (B, eo) the von Neumann algebra 
generated by £> and eo on L 2 (B,<p). As before, $(xeoy) = defines a normal 
semifinite faithful operator valued weight of C onto B, with = (/? o $ a normal 
semifinite faithful weight on C. The inclusion Bq C £> C C = (£3, eo), with the 

Eq 

weight on C, is called the basic construction for Bq C 23. 

We have spCeoC C H°(C,4>) and since crj^ = cr^ and crf(eo) = eo,Vt, if x G 

H°p(B, (p)eoTLp,(B, cp) then af (x) = (/3/3') l *£- This shows that the centralizer Hilbert-| 
algebra Hi(C, 0) contains HpTlp(B, <p)eoTi.'p- 1 (B, <p), which has support 1 in C, and 
thus (C, 0) has discrete decomposition with the same almost periodic spectrum 
S(C,4>) as (B,cp). 

1.4. Gauged extensions for actions. Let (iV, r) be a finite von Neumann 
algebra with a normal, faithful tracial state. Let G be an infinite discrete group and 
a : G — > Aut(AT, r) an action of G on (AT, r). A gauged extension for cr is an action 
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a : G — > Aut(A/" C A/", </?) together with a continuous action a : R — > Aut(A/", <p) 
satisfying the conditions: 

(1.4.1) . (A/" C N, <p) is an inclusion of von Neumann algebras such that if we denote 
<p = <p\x and N = N(p then N = Af v = N H A", = r, and both (A", </?), (A", 0) 
have discrete decomposition, with S(Af,(p) = S(Af,<p), GV(Af,(p) C QV{M,(p) and 
A? = spQV(Af, tp)N. 

(1.4.2) . a : G — > Aut(A/", <£) is an action such that (J g {N) = A/ - , V<7, and <7|jv = a. 

(1.4.3) . a commutes with a and satisfies the conditions: 

(a) sp™{w G U{ai{N)) | ttA/V = A", d^(w-M*)/d^, d<p(it* • u)/d^ < cx)} = ai(A') 

(b) sp^A'ai(A') = A". 

(c) <p(yiai(aOy 2 ) = <fi( x ) ( fi(ym)yx,y lj2 e M 

We denote by S(a) the common spectrum S(J\f,<p) = S(Af,<p) and call it the 
almost periodic spectrum of the gauged extension a. 

The gauged extension a is tracial if A" = A is a finite von Neumann algebra and 
</5 is a trace (afortiori extending the trace r of A), equivalently if S(a) = {1}. a is 
of type III if A/", A/" are of type III and it is factorial if both A, A are factors. 

In Section 4 we will also need gauged extension having an additional symmetry: 
A graded gauged extension for a is a gauged extension a : G — > Aut(A/" C A/", a : 
R — > Aut(A/", <£) together with a period 2-automorphism /3 G Aut(A/", satisfying: 

(1.4.4) A" C A/ 73 , j3a t = a_ t (3, Vt. 

Note that if : G; — > Aut(Aj,Tj) has gauged extension (cr^ct^), Vz G /, then 
is a gauged extension for the action ®j(Tj of x^G^ on (®iAj, ®Tj), with gauge 
(®i«i)t = ®iCii(^)- Moreover, S{®i(Ji) is the multiplicative subgroup of W + gener- 
ated by S(ai), % G /. 

Also, if Go C G is a subgroup and a is a gauged extension for a : G — > Aut(A, r), 
then cr|(3 is a gauged extension for (7|G! , with S , ((T|g ) = 5'(o"). 

1.5. Malleability and mixing conditions for actions. An action a of a group 
G on a finite von Neumann algebra (A, r) is malleable (resp. s-mallebale) if it has 
a gauged extension (resp. a graded gauged extension). The action a is malleable 
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mixing (resp. s-malleable mixing) if it is mixing and has a (graded) gauged extension 
a : G — > Aut(A/" C A/", <£) with a mixing, i.e., 

lim <p(xa g (y)) = <p(x)<p(y),Vx, y G M 

g->oo 

By the remarks in 1.2, it follows that if Oi : G — > Aut(Aj, Tj), z G /, are malleable 
(resp. malleable mixing) actions of the same group G, then the diagonal product 
action ®i<Ti : G — > Aut((g>iiVj, ®iTi), defined by (®cri) 3 = ®iCTi, 5 , g 6 G, is a 
malleable (resp. malleable mixing) action. Also, note that by ([CI]), if one of the 
ofs is properly outer then the diagonal product action <g>i<Ji is properly outer. 

1.6. Examples of malleable mixing actions. We show here that the commu- 
tative Bernoulli shifts with diffuse base space are s-malleable, while the Connes- 
St0rmer Bernoulli shifts and the Bogoliubov shifts are all malleable mixing (see 
also [Pol]). 

1.6.1. Commutative Bernoulli shifts. Let (Yq, vq) be a non trivial probability space. 
Denote (A, n) = H 9 (Yq, ^o)g the infinite product probability space, indexed by the 
elements of G. It is trivial to check that a is mixing and properly outer. Such an 
action is called a commutative (or classic) Bernoulli shift. 

Let us show that if the base space (Yq, vq) is diffuse, i.e. (Yq, uq) = (T, A), then 
a has a graded gauged extension (so in particular it is malleable mixing). Thus, 
put Af = N = L°°(X,fi), t = f -d/i and still denote by a the action induced by 
the above a on (A, r). Then define a g = a g <8> a g . It is clearly an action of G on 
Af = N®N that preserves f = r <S> t. We show that it is a tracial graded gauged 
extension for a when identifying N with N (g) C C A® A. 

To see this, we first construct a continuous action a : R — > Aut(A, f) commuting 
with <7 and satisfying a(l)(N <g> C) = C <8> A. It is in fact sufficient to construct a 
continuous action ct : K. — > Aut(A (S>A , To® To) such that ao(l)(A)<8>C) = C® A , 
where (A , r ) = (L°°(T, A), J -d\). Indeed, because then the product action a(t) = 
®g( a o(t)) g will do. 

To construct «o, let u (resp. v) be a Haar unitary generating Aq <g> C ~ 
L°°(T, A) (resp. C ® A ). Thus, n, u is a pair of generating Haar unitaries for 
Aq = Ao^A 0l i.e., { - u n i> m } n ,mez is an orthonormal basis for L 2 (A <§>A , r <E> r ) ~ 
L 2 (T, A)®-^ 2 (T, A). We want to construct the action «o so that ao(l)(u) = v. 

Note that given any other pair of generating Haar unitaries u', v' for Aq, the 
map u i— > fx'jV I— > ?/ extends to a fo = tq <E> ro-preserving automorphism of Aq. 
Also, note that v,uv is a pair of generating Haar unitaries for A . Thus, in order 
to get «o, it is sufficient to find a continuous action ao' : K — > Aut(Ao, fo) such 
that cto'(l)(t') = mv. 
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Let h G A be a self-adjoint element such that exp(2irih) = u. It is easy to see 
that for each t, u and exp{2mth)v is a pair of Haar unitaries. Denote by ao'(t) 
the automorphism u i— > u, v h- > exp(2irith)v. We then clearly have cto / (^i)ao / (^2) = 
cko'^i + £2), Vti, ^2 £ K and cto'(l)(^) = itu. 

Finally, to construct the grading /?, we let /3q act on A by = u, = -u*. 
Then clearly (3q leaves A pointwise fixed and floaoj = ao,-tA)- Thus, if we take 
P = ® g (f3o)g then condition (1.4.4.) is satisfied, showing that a is s-malleable. . 

1.6.2. N on- commutative Bernoulli shifts. Let now (Ao,y?o) be a von Neumann 

algebra with discrete decomposition and (A/ - , <p) = ® (A/o, </>o)g- It is easy to see 

sec? 

that (A/", 99) has itself a discrete decomposition, with spectrum S(Af, (p) = S (A/o, </?o)- 

If x = G A/" and h <E G then define 0^(0:) = ® g x' g , where x' g = Xh-i g ,Wg. 

a is then clearly an action of G on (A/", </?), called the (Ao, <po)- Bernoulli shift. Let 
further N = {x £ Af \ <p(xy) = (p(yx),Vy G A/"} be the centralizer of the product 
state <p. Thus cr g (N) = N,\fg. The restriction of a to AT, still denoted a, is called 
the Connes-St0rmer (Ao, (^-Bernoulli shift action of the group G. 

Like in (1.6.1) the actions a of G on (Af,<p) and iV = A/" v are properly outer 
and mixing. Moreover, in case (A/o, (po) is an IPTF1 factor the action on N follows 
malleable as well, as shown below (see also [Pol]): 

If (Ao, tpo) = (Affcxfc(C), <po) for some 2 < /c < 00, and </?o is the faithful normal 
state on Mkxk(C) of weights {tj}j, then a is called the Connes-St0rmer Bernoulli 
shift of weights {tj}j. Note that in this case S(J\f,<p) = S(Afo,(po) is equal to 
the multiplicative subgroup S = S({tj}j) of generated by the ratios {ti/tj}ij, 
called the ratio group of a. Notice that S is intrinsic to the construction of a. 

A gauged extension for a can be obtained as follows: Let (A/", (p) = (A/", ip)<S>(Af, <^)| 
and define a : G — > Aut(A r , </3) by a g = a g ® a g . Let {e^}^- be matrix units for 
-Wfcxfc(C) chosen so that <^o is given by a trace class operator that can be diagonal- 
ized in Algje^ji. It is immediate to check that 

a (t) = Eieu ® 

+ E (cos 7rt/2( en ® Gjj ) + sin7rt/2(e i:/ ® - <g> e^))- 

defines a continuous action a of R on Mfc X fc(C) <g> M/ cX / c (C) that leaves <po <8> <^o 
invariant and satisfies ao(l)(M/ cX / c (C) ®C) = C(S>M/ cX / c (C). Thus, a t = ® g (<yo(t)) g 
defines an continuous action a of K. on (A/", </5) which commutes with a and satisfies 
a(l)(AT®C) =C® AT. 

It is straightforward to check that cr, a verify the conditions (1.4.1)-(1.4.3). Thus, 
(a, a) is a gauged extension for a. Since <r is also mixing, a follows malleable mixing, 
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with S(a) = S. Also, note that N = J\f v is in this case isomorphic to the hyperfinite 
Hi factor R. 

Let now S C be an arbitrary subgroup and for each s G S take <p s to 
be the state on M2 X 2(C) of weights s(l + s) -1 ,(l + and let (A/o,0o) = 
® s es(M2x2( ( C), S ) S . Then the Connes-St0rmer (A/"o, <£o) -Bernoulli shift action 
a of G is malleable mixing and S(Nq,<j)q) = S. Indeed, this is because each 
(M 2X 2(C), (^s)-Bernoulli shift is malleable mixing, so the observations in 1.5 ap- 
ply- 

1.6.3. Bogoliubov shifts. Following ([PSt]), we consider the following construction: 
Let (Ti, 7r) be a Hilbert space with a representation of G on it. Assume n satisfies 

(a) ir(g)# CI + K(H),VgeG,g^e 



(b) lim<7r(<7)£,7/) = 0,V£,7/e Ti 

An example of such a representation is the left regular representation of G on 

n = e 2 (G). 

Let CAR(Ti) be the CAR algebra associated with Ti and o = a n : G — > 
Aut(CAR(7Y)) be the action on the CAR algebra determined by 7r, i.e., cr fl (a(£)) = 

a(7r(g)(0)^en. f jeG. 

For a fixed < t < 1 denote by <p the state on CAR(H) determined by the 
constant operator tl on Ti and define (A/", <p) the von Neumann algebra coming 
from the GNS representation for (CAR(H),ip). It is easy to see that (Af,(p) has 
factorial discrete decomposition, with S(Af, (p) = A z , where X = t/(l — t). 

Also, since n commutes with the constant operator tl, a leaves ip invariant and 
thus can be uniquely extended to an action a : G — > Aut(A/", (p). Condition (a) 
implies a is outer on (A/", <£>) and condition (b) assures that a is mixing. Also, take 
(A/", to be the GNS construction for (CAR(H © Ti),<p), where ip is given by 
the same constant operator tl, but regarded on Ti @ TL, then take a = o^®^ and 
a(t) be the action on (CAR(Ti © 7Y) implemented by the unitaries cos(7rit)(en + 
622) + sin(irit)(ei2 — 621) onTi@Ti, where en is the projection onto Ti(B0, e 2 2 the 
projection onto © Ti and {e^}^ are matrix units in the commutant of 7r © 7r. It 
is straightforward to check that (a, a) is a gauged extension for <j\n, with = M v 
isomorphic to the hyperfinite Hi factor. 

1.7. Cross-products associated with gauged extensions. Let a : G — > 

Aut(A, r) be a properly outer action and a : G — > Aut(A/" C A/", ^) a gauged 
extension for a with gauge a. In addition to the cross-product algebras M. = Af>i a G 
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and M = N x CT G considered in 1.2, we let M = J\f x 5 G and regard both M , M 
as subalgebras of AA, with {tt 3 } 3e G C M C M C AA the canonical unitaries and 
L(G) G M G M G M the von Neumann subalgebra they generate. Also, we still 
denote by (p the canonical extension of Cp from Af to M (thus </? = 0\m)- Note that 
since a commutes with cr, it implements a continuous action of R on (M,<p), still 
denoted a. 

By 1.2, both (Af,^) and (M,<p) have factorial discrete decomposition, with 
cores M v = M = N y\ a G and respectively Mq, = M = iV G, and with 
S(M,<p) = S(M,<p) = S(a). For each (3 G S(a) we denote Aut /3 (M;a) the set of 
isomorphisms 6p : M ~ implemented by partial isometries in QVp{M, ip). 

1.8. Basic constructions associated with gauged extensions. By (1.4.3) 
b), c) it follows that there exists a ^-preserving conditional expectation E\ of M 
onto Mi = ai(M), defined by E\{xQa\{x\)u g ) = <p{xo)a\{x\)u g , V:ro,i G Af,g G 
G. Also, if ei denotes the orthogonal projection of L 2 {M,(p) onto L 2 (A/fi,</3) C 
L 2 (M,fi) then eiXei = £ipT)ei,VX G A1 (cf. [T2]). 

Note that Ei\ M coincides with the unique <p = (p\M -preserving conditional ex- 
pectation Ei of M onto L(G). Also, if we denote by (A4,ei) the von Neumann 

algebra generated in L 2 (M, tp) by M and e\, then AA\ C A4 C (A4, ei) is a basic 
construction, in the sense of 1.3.2. Note that the von Neumann algebra (A4,ei) 
generated by AA and e\ is naturally isomorphic to (M,ei), where E\ = E L ^ : 

Ei 

e i = e L(G) an d L(G) C AA C (A4, ei) is a basic construction as in 1.3.1. 

We clearly have Mi = sp w L(G)ATi = sp w AfiL(G), AA = sp w MAf 1 = sp^MM, 
(M,ei) = sp w (M,ei)Afi = sp w Afi(M,ei). Also, if $ denotes the normal semifi- 
nite faithful operator valued weight from (M,ei) onto M defined by <&(xeiy) = 
xy,x,y G M, and cj) = (p o then , ei ) = $ and we have the following non- 
degenerate commuting squares: 

All C C (A^,ei) 

u u u 
L(G) CMC (A4,ei) 

Noticing that Takesaki's criterion ([T2]) is trivially satisfied, it follows that there 
exists a unique ^-preserving conditional expectation T of (A4,ei) onto (M,ei). 
The expectation T takes AA (resp. A4i) onto A4 (resp. L(G)) : with (resp. 

F\Mi) being the unique ^-conditional expectation of M (resp. A4i) onto M (resp. 
L(G)). 
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2. Intertwining sub algebras in factors with discrete decomposition 

Let (A4, ip) be a von Neumann algebra with discrete decomposition. Thus, M = 
M v is a finite von Neumann algebra with r — <p>\ M its faithful trace and M' fl 
M = Z(M). Let So C fMf, BcMbe diffuse von Neumann subalgebras, for 
some projection / G V(M). We establish in this Section necessary and sufficient 
conditions for the existence of partial isometries in QV(Ai, (p) that "intertwine" Bq 
with subalgebras of B. To this end, we use the notations in 1.3. The proofs are 
reminiscent of the proofs of (Theorem A.l in [Po3]) and (Lemmas 4, 5 in [Po4]). 

2.1. Theorem. The following conditions are equivalent: 

1°. There exists a E L? fl f{JA, es)f, with a > 0, a ^ and 0(a) < oo. 

2°. There exist (3 E H(A4, <p) and a non-zero projection fo G B' fl (A4, e_e) swc/i 
t/iat /o < p/?/ and Tr(fo) < oo. 

3°. There exist (3 G H(AA, <p), a projection qQ E Bq, a non-zero partial isometry 
v G QVp(M, <p) and a non-zero £ G qoL 2 (M)vv* such that if we denote £o = £ v > 
then q B q £ C £ B. 

4°. There exist non-zero projections q G L? , p E B , an (unital) isomorphism 
ifj of qB q into pBp and a non-zero partial isometry vq G GVp(M,<p), for some 
(3 G H(M,<p), such that v Vq G (qB q)' n qMq, VqVq G ip{qB q)' f] pMp and 
xvq = vo^(x),Vx G qB q. 

Proof of 4° =>- 1°. If v satisfies 4°, then gL? g commutes with vqCbVq, so that 
if ui, V2, f n are partial isometries in Bo with < q and H^i;* G Z(Bq) then 
a = EjVj(voeBVQ)v* E B' n (M.,cb), while still 0(a) < oo (because Vi E B C M 
are in the centralizer of 0). 

Proof ofl° =>• 2°. By 1.3 we have ppapp G B' fl (.M, e B ) + , V/3 E H = H(M, <p), 
and 0(a) = T,p<j)(ppapp). It follows that there exists f3 E H such that ppapp ^ 0. 
This implies that all spectral projections of ppapp corresponding to intervals 
[t, oo) for t > lie in Bq n (M,e B )+ and satisfy e t < pp, Tr(e t ) = /3 _1 0(et) < 
(t/3) _1 0(a) < oo- Thus, any f = e t ^ will satisfy 2°. 
To prove 2° =>- 3° we need the following: 

2.2. Lemma. Let L be a finite von Neumann algebra acting on the Hilbert space 
H and assume its commutant V in B(7i) is also finite. Let Lq C V be a von 
Neumann subalgebra. Then there exists a projection q E Lq and £ E H such that 
€ = q£ and gL g£ C Lf . 

Proof. If L is of type I then Lq and L' fl L' are both type I. Let q be a maximal 
abelian projection in Lq and q' a maximal abelian projection in (Log)' flgL'g. Then 
qq'L'qq' is abelian, implying that the commutant of Lgg' in B(H) is abelian. Thus, 
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Lqq' is cyclic in qq'H, i.e., there exists £ G qq"H such that L£ = qq'H. In particular, 

If L has a type I summand, then by cutting with the support projection of that 
summand we may assume L itself is type I and the first part applies. 

If L is of type Hi then let aEZ(L) = Z(L') be the coupling constant between 
L and V . Thus, a is a positive unbounded operator affiliated with Z{L) = Z(L'). 
We have to prove that there exist q G V(L ), q' G V(L' fl V) such that qq' 7^ and 
ctrL'(qq') < a -1 , where ctr^i is the central trace on V . Indeed, for if so then the 
coupling constant of Lqq' on qq'H is < 1 and Lqq' is cyclic in qq'H. 

If e[ 0j i](a) 7^ then the statement follows immediately, by taking q' = e[ 0) i](a) 
and q = 1. Thus, we may assume a > 1 and by cutting with a projection in 
Z(L') C L' (~) L' we may also assume a bounded. If L (resp. L' fl V) has a type 
Hi summand, then by cutting with the support projection of that summand we 
may assume L (resp. L' fl V) is of type Hi and then we can find projections 
q G Lq (resp. q' G L' fl L') of arbitrary scalar central trace in Lq (resp. L' Q fl L'). 
But then the central trace of q in L' follows equal to that same scalar, thus < a -1 
when chosen sufficiently small. 

If both Lq, Lq fl V are type I then, by cutting each one of these algebras by an 
abelian projection (like in the first part), we may assume both are abelian. This 
implies L' fl L' is a maximal abelian *-subalgebra of the type Hi von Neumann 
algebra L' . But then L' fl V has projections of arbitrary scalar central trace in L', 
by ([K2]). By choosing q' G V(L' fl V) of central trace < a -1 , we are done in this 
case too. Q.E.D. 

Proof of 2° =^ 3°. Let H = f (L 2 (M^)) C pp(L 2 (M, if)). Since f commutes 
with B and Tr(fo) < oo, it follows that BqHqB = Ho and JBJ' r\B(Ho) is a finite 
von Neumann algebra. By replacing Ho by q(Ho) for some appropriate projection 
q in Z(Bq), we may also assume dim(7io)s < oo, i-e., the central valued coupling 
constant of JSJ in B(Ho) is uniformly bounded. 

By Lemma 2.2 there exists a projection qo G i?o and a non-zero vector £o £ 
such that (/o£o = and Qo-So^o^o C ^o-B. Since 7io C L 2 (7i°,<^), it follows that 
£ = ^ for some £ G L 2 (M, r) and w G QVp{M, ip). 

Proof of 3° 4°. Let £o = £^ with £ G L 2 (M)vv* regarded as a square 

summable operator affiliated with M. Note that Eb(v*^*^v) G L 1 (S,r)_|_ and 
that ^ = {(vE B (v*C^)-^ 2 v*)v = ZoE B (QZo)~ 1/2 is still in L 2 (M)v, satisfies 

Pd = MOT)GW and 

qoBoqoC'o = qoBoqoCoE B (CoCor 1/2 C L 2 (£ S)i? B (£*£ )- 1 / 2 
= ^ 2 (£oi? B (^o)- 1/2 S)=^ 2 (^). 
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Thus, by replacing £ by £ , we may assume po = E B (QCo) is a projection in B. 
Also, if £ = £ v* G L 2 (M) then vE B (ffio)v* = E B (C€) e 

Let g G go-Bogo be the minimal projection with the property that (go — g)£o = 0. 
We denote ip(x) = E b (£qx£q),x £ g-^og, and note that ip is a unital, normal, 
faithful, completely positive map from qB$q into poBpo. 

Also, since a;£o £ L 2 (^opoBp ) = ^ L 2 (poBpo), it follows that x^o = £oip(x), Vx G 
gi?og- Indeed, for if x^o = £o2/ 5 for some y G L 2 (poBp ), then ^q^^o = £o£o?/ and so 

= = E B ($t y) = E B (e Ho)y = y- 

Thus, for xi,X2 G qB^q we get x\X2io = xi£oij)(x2) = £oV , c i)V , c 2)- Since we also 
have (xiX2)io = £oip(xiX2), this shows that ipfeixz) = ip(x\)'^(x2)- Thus, tp is a 
unital *-isomorphism of qB^q into poBp^. 

Thus, since x£o = £oij)(x) and Qx = ifj(x)Q,Wx G qB q, it follows that [g-Bo<2? CoQ] 
0. Since £ = £v, [qB q, = as well. Thus, if w = (£C)~ 1/2 £ then w is a partial 
isometry in M and iwu = wvip(x), Wx G qB q. Thus = iud will do. Q.E.D. 

2.3. Corollary. Assume condition 2.1.4° is not satisfied. (Note that this is the 
case if there exists no embedding 9 : pqBqPq B, for non-zero po G V(Bq).) Then 
we have: 

(2.3.1) Va!,a 2 ,...,a n G M = M^Ve > 0,3«gW(B ), ||£ B (a^a*) || 2 < e,Vi,j. 

// m addition M. is finite, with <p its trace, then conversely, (2.3.1) implies non- 
2.1.4°. 

Proof. Assume by contradiction that there do exist ai,a2,...,a n G M and c > 
such that S i) j||£ , B (a i ua^)||^ > c, Vw G U(B ), and let 6 = Eja*e B aj G spMe B M C 
e_e)- We then have the estimates: 

Tr(bubu*) = T,ijTr(a*e B aiua*e B ajU*) 

= EijTr(e B ajU*a*e B aiua,je B ) = T,ijTr(E B (ajU*a*)E B (aiua*)) 

= T, i j\\E B (a i ua*)\\l > c, 

for all u G U(Bq). Let then a be the element of minimal norm || • || 2, Tr in the weak 
closure of co{ubu* | u G U(Bq)} in (AA,e B ). Thus, < a < 1, Tr(a) < Tr(b) and 
a G Bjnsp^MeeM. Also, Tr(6a) > c> 0, implying that a ^ 0. By 2° =>• 4° in 
Theorem 2.1, it follows that there exists an isomorphism 9 : p B po B, for some 
Po ^ ^{.Bq),pq 7^ 0, a contradiction. 
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To prove the converse, note that if 2.1.2° holds true and f G B' n ZM, cb) is 
a finite projection with Tr(fo) < oo then by (1.4 in [P5]) we may assume fo = 
YijdjeBCh* for some finite set ai, a,2, a n G M, which in turn implies 



Theorem 2.1 shows the importance of controlling intertwiners and relative corn- 
mutants of subalgebras of a factor when having to decide whether the subalgebras 
are conjugate or not. We prove in this section two results along these lines: 

3.1. Theorem. Let (A/", cp) be a von Neumann algebra with discrete decomposition, 
G an infinite discrete group and a : G — > Aut(A/", a properly outer mixing action. 
If Qo C L(G) is a diffuse von Neumann subalgebra and x E M. = N y\ a G satisfies 
Qqx C T>iXiL(G), for some finite set x\,X2,--- ,x n G M., then x G L(G). In 
particular, Q' D M. C L(G) and if v G M. is a partial isometry with [v*v, Qo] = 
and vQ v* C L(G) then v G L(G). 

3.2. Theorem. Let a : G — > Aut(AT, r) be a malleable mixing action with gauge 
extension a : G -> Aut(A/" C\J\f,0). Denote N = J\f , M = N x CT G , M = N x G , 
as in 1.8. Let Pq C M be a diffuse von Neumann subalgebra such that no corner of 
Po can be embedded (non-unitally) into N . Then Pq fl M C M. 

Both these theorems will be derived from a general technical result. To state 
it we need some notations. Thus, we let (T, <p) be a von Neumann algebra with 
discrete decomposition, G an infinite discrete group, a : G — > Aut(T, </?) a properly 
outer action, £> = T x CT G its cross product algebra with canonical state as in 

1.2. Let Tq C T be a cr-invariant von Neumann subalgebra on which there exists 
a ^-preserving conditional expectation Eg. Denote Bo = T xi a G C B and still 
denote by -Eq the (/7-preserving expectation of B onto i3o extending the expectation 

of T onto To. Let Bo C B C C = (B, eo) be the basic construction for Bq C B with 
its canonical weight 0, as in 1.3.2. 

3.3. Proposition. Assume there exists {b n } n C T To such that {1} U {b n } n is 
an orthonormal basis of T over Tq with each b n in some Tt^ n (T , cp) , Wn, and such 
that the following condition is satisfied: 



E i jE B (a i ua*)\\ 2 2 = Tr(f uf u*) = Tr(f ),yueU(B ), 



thus contradicting (2.3.1). 



Q.E.D. 



3. Controlling intertwiners and relative commutants 



(3.3.1) 



hm (supflitfofoVG/X&j))!!* I y e AT , IMI < i}) = o,Vz,j. 
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Let Po C {Bq) v be a diffuse von Neumann subalgebra satisfying the property: 

(3.3.2) VKcG finite, V5 > 0, 3u G U(P ) with \\£{uu* h )\\ v < 5,Vh G K. 

If Tii = Tii(C,4>) denotes the centralizer Hilbert algebra (see 1.3.2,) and a G P^DTii 
then eoaeo = a. 

To prove 3.3, we first need the following: 

3.4. Lemma. Under the hypothesis of 3.3, for any n and any e > there exists 
a finite subset K C G and 5 > such that if u G U(Bq) satisfies ^(uufyW^ < 8, 
Wh G K, then ||£? (6?u6j)llv> < £ > V ^J- 

Proof. Let it = T, g y g u g , with y s G 7o- Then E (b*y g u g bk) = Eo(b*ygO-g(bj))ug 
implying that 

WE^UbjX =Xg\\E (b*ygO-g(b j ))\\l. 

By (3.3.1) there exists a finite subset K C G such that sup{\\E (b*ya(g)(bj))\\ lfi | 
y G Ao, ||y|| < 1} < e/2, Vg e G \ K. On the other hand, since the norm || • ||^ 
implements the strong operator topology on the unit ball of M. and the maps 
Ao 9 2/ ^ b*ya(g)(bj) are continuous with respect to the strong operator topology, 
Vijj, it follows that there exists 5 > such that if y G Ao, ||y|| < 1, \\y\\ v < 5, then 
WEoitfyo-^ibj))]^ < (2\K\)- 1 e. Thus, if u satisfies Hy^^, = \\E {uu* h )\\^ < 5, 
V/i G K, then 

11^(6^)11 J = £^11^(6^(6^)11^ + EfcgtfllEb^yfc^&^Hj 

< e/2 + e/2 = e,Vi,j. 

Q.E.D. 

Proof of Proposition 3.3. Recall from 1.3.2 that is hereditary and contains the 
*-algebra X p Ti° p (B, (p)e Ti°p(B, (p)*. For X e Ti°(C, (p) (the Hilbert algebra of (C, 0), 
as in 1.1.5 and 1.3.2), denote ||X|| 2 ^ = ( /)(X*X) 1 / 2 . 

Since Til = W?(C, 0) is a *-algebra and (1 - e )Wi(l - e ) C W?, it follows that 
if (1 — eo)a 7^ (resp. a(l — eo) 7^ 0), then by replacing a by a spectral projection 
of (1 — e )aa*(l — e ) (resp. (1 — e )a*a(l — e )) corresponding to some interval 
[c, 1] with c > 0, we may assume a = f 7^ is a projection with / < 1 — eo- 

Let e > 0. Since {1} U {6 n } n is an ortho normal basis of T over 7o, it is also 
an ortho normal basis of B over B . Thus, there exists n such that the orthogonal 
projection f = Ej< n 6je 6* of L 2 (£>, </?) onto the closure of T,j< n bjB in L 2 (B,ip) 
satisfies ||/o/ — f\\2,4> < e/3. Since each 6j lies in some Tip.(T, (p), it follows that fo 
lies in HpH%{B, <p)e Ti° p (B, <p)* C W?(C, 0). 
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Thus, if u E U(P ) then 

||«/o«7 - /Ik* = \HM - fWh,* = ll/o/ - fh,* < e/3. 

implying that 

\\uf u*f - fofh,4> < 2||/o/ - fh,4> < 2^/3. 

Since /, fo are in the centralizer Hilbert algebra H\ and 4>{uXu*) = <f>(X), 
VX E Hi, u E Pq, by the Cauchy-Schwartz inequality we get 

W//0«/0«7)l = |0(//O«/O«*)| < ||/IM|/o«/o«l 2> * 

Since (j>(biX) = PiftXbi), VX E W?, 6, G and ||«/ «7 " /o/Hl,* = 

^ll/o/lll ~~ 2Re0(//oM/ow*/), by the definition of we obtain 

2||/o/|lL < ll«/o«7 " /o/IlL + 2<K/) 1/2 0(M7o«) 1/2 

< (2 £ /3) 2 + 20(/) 1 / 2 S 1 < iij < n ^(6 iJ B o (6*«*6 i )6» 
= (2 £ /3) 2 + 2<f>(f) 1 / 2 X i j(3 i( p(E (b*u*b j )b*ub i ) 
= (2e/3) 2 + 20(/) 1 /2 S . ^II^^^IIJ. 

By Lemma 3.4 there exist a finite subset K C G and 5 > such that if it E 
U(P ) satisfies ^(m^)^ < 5, V/i G K, then \\Eo(b^ubj)\\ v < £ 2 /(6n 2 /?0(.f) 1/2 ), 
VI < i,j < n, where /3 = maxi{/3i | 1 < i < n}. By condition (3.3.2) applied for 
this if and 5, there exists u E U{Pq) such that ^(mt^)^ < 8,Vh E K. 

Altogether, since the above summations ^i<i,j< n have n 2 terms, we get the 

6StlIIlcl1j6S 

2||/o/|lL < (2e/3) 2 + 2cP(f) 1 / 2 n 2 Pe 2 /(6n 2 p ( p(f) 1 / 2 ) 

< (2e/3) 2 + e 2 /3 < 7e 2 /9. 

Thus, ||/|| 2 ^ < ||/ - ffoh^ + Wffohj < e/3 + 2e/3 = e. Since e > was 
arbitrary, this shows that / = 0, a contradiction. Q.E.D. 

Proof of Theorem 3.1. Let L(G) C M. C (Al,ei) be the basic construction corre- 
sponding to the ^-preserving conditional expectation E\ of M. onto L{G), like in 
1.3.1, with Ei = £x(g) and ei = £l(G)- We also consider the partition of 1 given 
by the projections {p/?}/?, as in 1.3.1. 
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Let f x be the orthogonal projection of L 2 (A4, ip) onto the closure H of Q xL(G) 
in L 2 (A4, ip). Since Q HL(G) =H, f x G Q' n(M, e±). Also, since H is contained in 

the closure of 'E i x i L(G), it follows that H is a finitely generated right L(G)-Hilbert 
module. Thus f x lies in the ideal J ei generated in (A4,e\) by e\. In particular 
Tr(f x ) < oo, where Tr is defined as in 1.3.1. 

Since 1 G L 2 (A4, ip) is a separating vector for A4, to prove that x G it is 

sufficient to show that f x <e\. 

Assuming (1 — ei)/ x (l — e\) ^ 0, it follows that either a = ppfpp ^ 0, for some 
(3 7^ 1, or a = (pi — ei)f(pi — e\) ^ 0. Since pp G M' n (M,e\), it follows that 
a G <5o H (A4, ei), a G ^7^, Tr(a) < oo. Also, since under jjg the weight cj) defined 
by 0(j/ieij/2) = <p(yiy2),yi,2 G is proportional to Tr (cf 1.3.1), it follows that 
a is in the centralizer of 0. Thus, all spectral projections f of a corresponding 
to intervals of the form [c, oo) for c > will satisfy / G Q' Q fl (A4,ei), f G J7~ ei , 
0(/) < oo, / < 1 — ei and / in the centralizer of 0. 

Thus, if we apply Proposition 3.3 for T = A/", 7o = C, 71 = A/" and Bq = Bq = 
L(G), then we get / = 0, a contradiction. Q.E.D. 

Proof of Theorem 3.2. Put T = A", B = M, T = A", T = A, £ = M, B = M. 
Conditions (b) and (c) of (1.4.3) show the existence of a ^-preserving conditional 
expectation E of B = M. onto Bq = M: On elements of the form y\a\{y2) with 
yi,V2 e A", which by (1.4.3) are total in A", it acts by E G {y 1 a 1 {y 2 )) = (p{y 2 )yi- 

By Corollary 2.3, condition (3.3.2) is satisfied. Let us show that there exists an 
orthonormal basis {1} U {b n } n of T = M over Tq = M verifying (3.3.1). By the 
definition of E , any {b°J n C Upa^H^Af,?)) with ip(b° n ) = 0, (p(bf 6°) = S ijy 
Vi,j,n, and sp({l} U {6°} n ) total in Af gives an orthonormal basis of B over £>o 
by letting b n = To get such a set {6°} n start with a total subset 1 = 

ao,ai,a2, ... G UpTl^Af, ip) then apply the Gram-Schmidt algorithm with respect 
to the scalar product 

We next show that {b n } n this way defined automatically satisfies (3.3.1). By 
condition (1.4.3), (a) and Kaplanski's density theorem, there exist some finite, self- 
adjoint set of unitary elements v k G U\ = {v G U(et\(N)) \ vAfv* = Af,dip(v ■ 
v*)/dip, dip(v* -v) / dip < oo} and scalars c J k such that b'j = Yj k <^ k v k satisfy \\bj\\ < 
and Wbj-b'jW^ < e(l + 2maxj \\bj ||) _1 . Since H-Eo^i^)!^ < H^i^H^ < \\xi || \\%2 \\<p, 
Vxi, X2 G £>, for y G A/" with ||y|| < 1 we get: 

11^(6^(6,-)) || v < ||^(6,V ff (6})) II v + ll^>(&iV*p(&i -&5))||„ 

< Z k \c j k \\\E (b*ycr g (v k ))\\ ip + \\bi\W\bj -b% 
<CE k \\E (b*ya g (v k ))\\^+e/2, 
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where C = ma,x{\c' k \} jjk . But if v' k = G g (v k ) then b*yv' k = b*v' k {v' k yv' k ) and 
v'* k yv' k G M. Thus, E (b*yv' k ) = ip(b*v' k )v'* k yv' k . Thus, if we denote c = max{d(p(v k - 
v k )/dp} k then \\E (b*yv k ) ||^ < c\<p(b*v' k )\ and from the above estimates we get: 

WEoWybj)^ < cCX k \<p(b*G g (v k ))\ + s/2. 

But d is mixing on A/", in particular on ol\{N). Thus, since <p(bi) = 0, we get 
lim Lp(b*G g (vk)) = 0, Vi, k, showing that (3.3.1) holds true. 

Now, since for all u G U(PqC\M) we have ueou* G Pq H (£>, eo) and -ueow* is in the 
centralizer of 0, we can apply Proposition 3.3 to get ueow* < eo- By the faithfulness 
of 4> this implies -ueow* = eo, or -ueo = e^u. Applying this equality to the separating 
vector 1 in L 2 {M.,(p), this gives E (u) = u. But since E is (^-preserving, it takes 
the centralizer of (p into the centralizer of cp on M., i.e., E (M) = M. This yields 
E (P^ fl M) C Pq fl M, thus u = £? (u) G^nM. Q.E.D. 

We end this Section with a technical lemma needed in the proof of the main 
result in the next section. 

3.5. Lemma. Let Q C P be an inclusion of finite von Neumann algebras and 
qeV(Q), q' eV(Q'nP). 

1°. If Q is quasi-regular in P then qQq'q is quasi-regular in qq'Pqq' (see 1.4.2 
in [PoS] for the definition of quasi-regular subalgebras). 

2°. If Q is regular in P and q G V(Q) satisfies ctrQ^q) = cz, for some scalar c 
and central projection z G Z(Q), then qQq is regular in qPq. 

Proof. 1°. We may clearly assume P has a normal faithful trace r. It is then 
sufficient to prove that Vx G qAfp(Q) and e > 3z G Z(Q) such that r(l — z) < e 
and qq'zxqq'z G qNqq>p q q>(qQqq'). Let x\, . . . , x n G P be so that Qx G YiiXiQ and 
xQ a YjiQxi. 

For the given e > there exists z G Z(Q) and finitely many partial isometries 
vi, i>2, • • • , v m G Q such that r(l — z) < e, t> *Vj < g and 'EjVjV* = z. If we let {yk}k 
be a relabelling of the finite set {qq'zXiVjqq'z}ij U {qq'zv*Xiqq'z}ij, then we have 

(qq'Qqq')(qq'zxqq'z) C E k y k (qq'Qqq'), 

{qq zxqq z){qq Qqq) C E k (qq'Qqq')y k . 

2°. I{ q = z E Z(Q) then Vu G Np(Q), v = zuz follows a partial isometry with 
vv*,v*v G Z(Q) and vQv* = vv*Qvv*. The proof of (2.1 in [JPo]) shows that v 
can be extended to a unitary element in zPz normalizing Qz. Thus, zAfp(Q)z C 
MzPz(Qz)", implying that zPz = sp w zU P {Q)z C N zPz {Qz)" i.e., N zPz {Qz)" = 
zPz. 
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If ctrQ(q) = cz for some scalar c and z G Z(Q), then by the first part Qz is 
regular in zPz. This reduces the general case to the case q G P has scalar central 
trace in Q. But then, if u G Afp(Q) we have ctr(uqu*) = ctr(q) so there exists 
v G U(Q) such that vuqu*v* = q, implying that q{vu)q G qPq is a unitary element 
in the normalizer N q p q (qQq). Thus, spQAf q p q (qQq)Q D spMp(Q). 

This yields spqQqAf q p q (qQq)qQq D qJ\fp(Q)q and since the right hand term gen- 
erates gPg while the left hand one is generated by M q p q {qQq), we get M q p q {qQq)" = 
qPq. 

Q.E.D. 

4. Rigid embeddings into N y\ a G are absorbed by 

In this section we prove a key rigidity result for inclusions of algebras of the 
form L(G) C M = N >i ff G, in the case a : G — > Aut(A, r) is a malleable mixing 
action. Thus, we show that if Q C M is a diffuse, relatively rigid von Neumann 
subalgebra whose normalizer in M generates a factor P (see Section 4 in [Po3] for 
the definition of relatively rigid subalgebras), then Q and P are "absorbed" by 
L(G), via automorphisms of M°° coming from given gauged extensions of a. 

The proof follows an idea from ([Pol]): Due to malleability, the algebra M = 
Ny\ a G can be perturbed continuously via the gauge action, leaving only L(G) fixed, 
thus forcing any relatively rigid subalgebra Q of M to sit inside L(G) (modulo some 
unitary conjugacy). The actual details of this argument will require the technical 
results from the previous sections. In particular, in order to apply Corollary 3.3 
we'll need P not embeddable into N. 

An example when P is not embeddable into is when Q is already rigid in P 
and N has Haagerup's compact approximation property (cf. 5.4.1° in [Po3]; for 
the definition of Haagerup's property for algebras see [Cho], or 2.0.2 in [Po3]). In 
particular this is the case if N is approximately finite dimensional (AFD), or if 
N = L(¥ n ) for some 2 < n < oo. Another example of this situation is when N is 
abelian. 

4.1. Theorem. Let M be a factor of the form M = N x CT G, for some malleable 
mixing action a of a discrete ICC group G on a finite von Neumann algebra (A, r). 
Assume Q C M s is a diffuse, relatively rigid von Neumann subalgebra such that 
P = Mm s {Q)" is a factor. Assume also that no corner of P can be embedded 
(non-unitally) into N. If a is a gauged extension for a, then there exist a unique 
(3 G H(a) and a unique 9p G Aut^(M; a) such that the isomorphism 6p : M s ~ M s @ 
satisfies 9f3{P) C L{G) sf3 . 

N.B.: The uniqueness of Op is modulo perturbations from the left by inner au- 
tomorphisms implemented by unitaries from L(G) sf3 . 
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Proof. The uniqueness is trivial by Theorem 3.1. We split the proof of the existence 
into seven Steps. For the first six Steps, we assume s = 1. Then in Step 7, we use 
the case s = 1 to settle the general case. 

Step 1. 36 > such that Vt > 0, t < 5, 3w(t) G M,w(t) ^ 0, satisfying 
w(t)y = a t (y)w(t),Vy G Q._ 

Let a : G — > Aut(A/" C jV, </3) be the given gauged extension with gauge a : K. — > 
Aut(A/", (p). With the notations in 1.7, a implements a continuous action of K. on the 
discrete decomposition (J\4,tf). In particular, this action implements a continuous 
action of K. on the type Hi factor M, still denoted a. Thus, hm||a t (2;) — x\\2 = 0, 

Vx G M. 

Since Q C M is rigid, QcMis also rigid, so that there exists 5 > such that 
if \t\ < 5 then Hctt('u) — u\\2 < 1/2, Vu G U(Q). Let a(t) be the unique element of 
minimal norm-|| ||2 in cci'" ; {a^('u)'U* | -u G Q}- Since \\a t (u)u* — 1 1 1 2 < 1/2, Vu G 
W(<5), we have ||a(t) - 1|| 2 < 1/2, thus a(t) ^ 0. 

By the uniqueness of a(t) we have a t (u)a(t)u* = a(t),\/u G U(Q). Thus, a(t)y = 
a t (y)a(t),Vy G Q, which implies a(t)*a(t) eQ'flM and a(t)a(t)* G a t (Q)' H M. 

Thus, if we denote by w(t) the partial isometry in the polar decomposition of 
a(t), w(t) = a(t)(|a(t)|) _1 , then w(t) 7^ and w(t)y = a t (y)w(t). 

Step 2. If t, w = w(t) 7^ are such that wy = ott(y)w,Vy G Q, then there exists 
a partial isometry w' G M such that w'y = a.2t(y)w' ,\/y G Q, and t(w'w'*) > 
r(«m;*)72. 

To prove this note first that if v G M is a unitary element normalizing Q and if 
a„ denotes the automorphism v ■ v* on Q, then « t (u)wi;* satisfies 

(a t (v)wv*)y = a t (v)wa v *(y)v* 

= a t (v)a t ((T v *(y))wv* = a t (va v * (y))wv* 
= a t (va v *(y)v*)a t (v)wv* = a t (y)(a t (v)wv*). 
We claim there exists v in the normalizer J\f^{Q) of Q in M such that 

r(v ww*v*a~ t ~ 1 (w*w)) > r(ww*) 2 /2. 

Indeed, for if we would have r(vww*v*a^ 1 (w*w)) < r(ww*) 2 /2, Wv G A/^(Q), 
then the element h of minimal || || 2 in co w {v(ww*)v * \ v G Afj^(Q)} would satisfy 
< h < 1, h G Mm{Q)' H M, r(/i) = r («;«;*) and r(/ia t _1 («;*«;)) < r(wwf/2. 
But Mm{Q)' nicP'nM, and by Corollary 3.3 the latter equals P' fl M . Since 
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by hypothesis one has P'nM = C, this shows that h G M^iQ)' H M = C. Thus 
we get 

T (ww*) 2 = r(/i)r(a t _1 (w*w)) < t(ww*) 2 /2, 

a contradiction. 

For such v G Af^(Q), let a = a^a^i^-uw *)«; and note that ay = ot2t{y) a i e Q- 
Moreover, the left support projection of a has trace > r(wwty*w*Q; f r 1 (w*t(;)) > 
t(ww*) 2 /2. Thus, if we take w' to be the partial isometry in the polar decomposi- 
tion of a, w' = a|a| _1 , then w'y = a2t(y)w' , Vy G Q. Also, since ||a|| < 1, we have 
t(w'w'*) > t(ww*) 2 /2. 

Step 3. There exists a non-zero partial isometry w\ G M such that w\y = 
«i(y)wi,Vy G Q. 

To prove this, let first to be a non-zero partial isometry in M, satisfying wy = 
a 2- n (y) w ^y e Q) f° r some large n > 1, as given by S'tep i. Set v$ = w. By Step 2 
and induction, there exist partial isometries v k G M, k = 0, 1, 2, such that i>fcy = 
a 2 -n+k(y)v k , Vy G Q, and r(v k vl) > r(f fc _i^_ 1 ) 2 /2, V/c > 1. Taking w 1 = v n , it 
follows that w\y = a.i{y)w\,\/y G Q and t^i-u^) > r(ww*) 2 /2 2 _1 7^ 0. 

Step 4- With the notations in 1.8, there exists a positive, non-zero element 
b G Q' n ei) such that Tr(6) < 00. 

Indeed, if w\ G M is as given by S'tep 3, then u^eiio! is a non-zero posi- 
tive element in sp.Miei.A/li C (-Mi,ei) that commutes with Q and satisfies 7^ 
0(wieiWi) < 00. Define b = FfaleiWi) G (.M,ei) ~ (M,ei). Then 6^0 and 
< b < 1. Since JF is (^-preserving, 0(6) = 0(6) < 1. 

S'tep 5. There exist projections q G Q, q' G Q' fl P and a partial isometry 

G £Va(.M,<£) for some /3 G H(a), such that t> i>o = and VqPv C L(G). 

By 1° =>- 4° in Theorem 2.1, there exist non-zero projections q G Q, p G 
L(G), an isomorphism -0 of gQq 1 into pL(G)p and a non-zero partial isometry i>q G 
GVp(M, <p), for some /3 G i^(cr), such that v Vq G (<?Q<?)' n qMq, VqV G ^(qQq)' H 
pMp and x?;o = VQip(x),Vx G (/Qg. 

Since ip(qQq) is a diffuse von Neumann subalgebra in pL(G)p, by Theorem 3.1 
it follows that ip(qQq)' fl pMp C pL(G)p, showing that 

vIQvq = VoQQm'vo = i>(Q)voV C L(G). 

But since ^0^0 G (qQq)' H (/Mg, it follows that t>oi>o = 9?' for some g'eQ'nMc 
J^MiQ)" = P- Thus, (/(/' G P as well. By Lemma 3.7, qQq'q is quasi-regular 
in qq'Pqq', implying that VqQvq is quasi-regular in VqPvq. By Theorem 3.1, this 
shows that VqPv C L(G). 
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Note that, since P' fl M = C and since we did not use up to now the condition 
that G is ICC, the rest of the conditions in the hypothesis of 4.1 are sufficient to 
imply that G has finite radical (see Theorem 4.4 below). 

Step 6. End of the proof of the case s = 1. 

With the notations in Step 5, since A6.Vq G Autp(M; a) and since P and L(G) 
are factors, it follows that there exists an appropriate amplification 6p : M ~ M@ 
of Ad^ such that 0/3 (P) C L(G) f3 . 

Step 7. Proof of the general case. 

For general s, note first that P = Mm{Q)" being a factor and Q being diffuse, 
for any 1 > t > there exists a projection in q G Q of trace r(q) = t and either 
q G Z(Q) (in case Q is type I homogeneous) or ctrQ^q) = cl (in case Q is of type 
Hi). 

Thus, by replacing P by a factor P of the form M nXn (qPq) ~ P 1 / 5 C (M 5 ) 1 / 5 = 
M, for some t, n with tn = s -1 , and Q by its subalgebra Qo = -Dn ® qQq, where 
-D n C M nXn (C) is the diagonal subalgebra, by Lemma 3.5 we get a sub factor P 
of M with Qq C ?o a diffuse von Neumann subalgebra such that Hm{Qq)" = Pq, 
while Qq C M still a rigid inclusion (the latter due to 4.4 and 4.5 in [Po3]). The 
first part applies to get dp G Autp(M; a) such that Op(Po) C L(G)@ and since 
(P C M s ) = (P C M) s , an appropriate s-amplification of dp carries P into 
L(G) sf3 . 

Q.E.D 

Note that for commutative Bernoulli shifts (1.6.1) we could only prove malleabil- 
ity in the case the base space (Y , vq) has no atoms. To prove that 4.1 holds true 
for all commutative Bernoulli shifts a and under much weaker conditions on Q, we 
consider the following "malleability-type" condition: 

4.2. Definition. Let (iVi,ri) be a diffuse abelian von Neumann algebra and a\ 
an action of G on (N\,t\). v\ is sub malleable (resp. sub s-malleable) if it can be 
extended to a malleable (resp. s-malleable) action a of G on a larger abelian von 
Neumann algebra (N, r) such that there exists an orthonormal basis {l}U{6i}i C iV 
of iV over N\ satisfying 



(4.2.1) lim (sup{||^ 1 (6 < Va/)(6 i ))|| v I V G N u \\y\\ < 1}) = 0,Vz, j 

Recall that by (1.6.1), classical Bernoulli G-actions with non-atomic (diffuse) base 
space are s-malleable mixing. We next show that Bernoulli G-actions with arbitrary 
base are sub s-malleable mixing: 
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4.3. Lemma. Let o\ be the Bernoulli shift action of G on (X,/j,) = U g (Y , vo) g , 
where (Yq, uq) is an arbitrary (possibly atomic) non-trivial standard probability 
space. Then the action o~\ it induces on L°°(X,fi) is sub s-malleable mixing. 

Proof. Denote A% = L°°(Y , v ) and consider the embedding C A$®L°°(T, A) ~ 
L°°(T, A) = A . If z G L°°(T, A) is the Haar generating unitary and u = 1 ® z G A 
then {u n } n is an orthonormal basis of A over Aq. Let iVi = ® g (A^) g , N = ® g (A°) g 
and denote {b n } n C N the set of elements with b n = <S>(u na ) g , n g G Z all but finitely 
many equal to 0. 

It is immediate to see that {b n } n is an orthonormal basis of N over Ni that checks 
condition (4.2.1) with respect to the Bernoulli shift action a of G on N = !§ g (A°) g . 
Since a extends the Bernoulli shift action o\ of G on N\ = <8> 5 (Aq) s and since by 
(1.6.1) it has mixing graded gauged extensions, o~\ follows sub s-malleable mixing. 
Q.E.D. 

4.4. Theorem. Let Mi be a factor of the form Mi = Ni x fJl G, for some free 
action o~\ of a discrete group G on an abelian von Neumann algebra (Ni,t{). Let 
Q C Mf be a diffuse, relatively rigid von Neumann subalgebra and denote Pi = 
N(Q)" the von Neumann algebra generated by its normalizer in M{. 

(i) . If a i is sub malleable and Pi has atomic center then G has finite radical and 
for any minimal projection p\ in the center of Pi there exists a minimal projection 
p in the center of L(G) and a unitary element u G M( such that ^(Pipi)* 1 ^* C 
(L(G)p) st , where t\ = r(pi)~ 1 , t = r(p)~ 1 . If moreover Pi is a factor and G is 
ICC then there exists u G U(M() such that uPiu* C L(G) S . Also, u is unique with 
the above property, modulo perturbation from the left by a unitary in L{G) S . 

(ii) . If o~i is sub s-malleable, Q is of type Hi and G is ICC then there exists 
u G U(M() such that uPiu* C L(G) S , unique modulo perturbation from the left by 
a unitary in L(G) S . 

Proof. Let a : G — > Aut(iV, r) be a malleable mixing extension of o~\ which satisfies 
(4.2.1) and which is either malleable, in the case (i), or s-malleable, in the case (ii). 
Denote M = N x a G. We first show that in both cases we have P'nM s = P'n M{ . 
One has in fact the following more general result: 

4.5. Lemma. Let (Ni,t\) C (N,t) be an embedding of finite von Neumann alge- 
bras for which there exists an orthonormal basis {l}U{6 n } n of N over Ni satisfying 
condition (4.2.1). Let a : G — > Aut(AT, r) be a properly outer mixing action leaving 
Ni globally invariant. Denote Mi = Ni x G, regarded as a von Neumann subalgebra 
of M = N x G. Assume Pi C Mi is so that no corner of Pi can be embedded into 
N. If x G M satisfies P\x C EjXjMi, for some finite set x\, X2, ■ ■ ■ , x n G M , then 
x G Mi. In particular, P[ n M = P[ n M x . 
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Proof. If we put T = N U T = N, B = M 1 ,B = M then condition (4.2.1) on {b n } n 
shows that the hypothesis of Proposition 3.3 is satisfied. Thus, if Eq denotes the 

trace preserving conditional expectation of M onto Mi and Mi C M C (M, e ) the 
corresponding basic construction then any a G P[ fl (M, e ) with a > 0, Tr(a) < oo 
satisfies eoaeo = a. 

But if x G M satisfies the condition in the hypothesis then the orthogonal projec- 
tion f x of L 2 (M) onto the closure H of spPixMi in L 2 (M) then / K G Pi' n (M, e ) 
(because PHMi C 7Y) and dim7iMi < n < oo (because is contained in the right 
Mi-Hilbert module EjxJM[ C L 2 (M)). Thus, Tr(/ X ) < oo, implying that / x < e , 
equivalently C L 2 (Mi). In particular a; G L 2 (Mi), thus x G Mi. Q.E.D. 

Proof of (i). N being abelian and Pi of type Hi, it follows that no corner of Pi can 
be embedded into N. By 4.5 this implies P[nM s = P[ n Mf = C. 

By 3.5.2° a suitable amplification P of the factor Pipi is a unitally embedded 
into M and contains a diffuse subalgebra Q C P such that Q C M is rigid and 
Mm{Q)" = P- Since a is malleable mixing and has gauged extension with trivial 
spectrum (the gauged extension is even abelian), by the first 5 Steps of the proof 
of 4.2 and the remark at the end of Step 5, G has finite radical and there exists 
a non-zero partial isometry vq G M such that VqVq G P, vqPvq C L(G) C Mi. A 
suitable amplification u G M s of vq, will then satisfy the conjugacy condition and 
by 4.5 u G Mf. The uniqueness is clear by 4.5. 

Proof of (ii). Let a : G -> Aut(A>, f), a : R -> Aut(A>, f), (3 G Aut(A>, f ), (3 2 = id, 
give a graded gauged extension for a. Denote M = N G. 

We first prove that there exists a non-zero partial isometry w G M such that 
«;*«; G Q' n M, w* G ct\{Q' n M), = a>i(y)w,Vy G Q. 

To this end, note first that Step 1 of the proof of Theorem 4.1, which only used 
the fact that a is malleable, shows that for all t sufficiently small there exists a 
non-zero partial isometry v = v(t) G M such that v*v G Q'flM, vv* G a t (Q)' DM, 

= at(y)v,Vy G Q. But since Q is of type Hi, no corner of Q can be embedded 
into N. Thus, by Theorem 3.2 we have Q' fl M = Q' n M and so we get: 

(4.4.1) w*v eQ'flM, uu* G a t (Q' fl M), = a t (y)v, Wy G Q. 

Assuming now that for some < t < 1 there exists a partial isometry v G M such 
that G Q'nM, G a^Q' H M) and = a t (y)v, Vy G Q, we show that there 
exists a partial isometry u' G M satisfying ||u'||2 = ll^lb, G Q' fl M, u'v'* G 

ct^Q' fl M) and v'y = a2t(y)v', Vy G Q- This will of course prove the existence 
of uj, by starting with some t = 2~ n for n sufficiently large, then proceeding by 
induction until we reach t = 1. 
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Applying j3 to vy = a t (y)v and using that (3(x) = x,\/x E M and (3a t = a~tf3, 
we get (3(v)y = a-t(y)(3(v), My E Q. Taking adjoints and plugging in y* for y we 
further get y(3(v*) = (3{v*)a- t {y)^y E Q. Thus: 



If we now apply at to the last and first term of (4.4.2) and denote v' = at(vf3(v*)), 
then we get: 



Moreover, since v*v E Q C M, we have j3{v*v) = v*v so vf3{v*) is a partial isometry 
and it has the same range as v. Thus v' is a partial isometry and \\v'\\2 = ||f || 2 - Since 
u' is an intertwiner, v'*v' E Q' D M = Q' D M and similarly v'v'* G a 2 t(Q / H M). 

With the non-zero partial isometry w E M satisfying -wy = a\{y)w,\/y G Q 
we can apply Steps 4 and 5 in the proof of 4.2 to get a non-zero partial isometry 
v G M such that Wq^o eQ'nM and v Qvq C £(G). 

To end the proof we use a maximality argument. Thus, we consider the set W 
of all families ({pi}i, u) where {pi}i are partitions of 1 with projections in Q' D M, 
u G M is a partial isometry with w*-u = T^pi and u(EiQpi)u* C L(G). We endow 
W with the order given by (fe}i,-u) < {{p'j}j,u') if {pjj C u = u'(EiPi). 

(W, <) is clearly inductively ordered. 

Let ({pi}i, u) be a maximal element. If u is a unitary element, then we are done. 
If not, then denote q' = 1 — E Q' D M and take q E Q such that r(qq') = 1/n 
for some integer n > 1. Denote Qq = M nXn (qQqq') regarded as a von Neumann 
subalgebra of M, with the same unit as M. By ([Po3]), it follows that Qo C M is 
rigid. Thus, by the first part there exists a non-zero partial isometry w E M such 
that w*w E Q'qDM and wQ w* C L(G). Since (/(/' G Qo has scalar central trace in 
Qo, it follows that there exists a non-zero projection in w*wQqw*w majorised by 
qq' in Q . 

It follows that there exists a non-zero projection go £ QQ'QoQQ' = qQqq' and a 
partial isometry wo£M such that wjwo = <Zo and wo(qQqq')wQ C L(G). Moreover, 
by using the fact that Q is diffuse, we may shrink q if necessary so that to be of 
the form q = q±q' ^ with q\ E V(Q) of central trace equal to m~ 1 z for some 
z E Z(Q) and m an integer. But then i«o trivially extends to a partial isometry 
w\ E M with w^wi = q'z E Q' DM and wiQw\ C L(G). Moreover, since L(G) is a 
factor, we can multiply wi from the left with a unitary element in L(G) so that wito* 
is perpendicular to ««*. But then ({pi}i U {g'^}, ui), where u\ = u + wi, is clearly 
in W and is (strictly) larger than the maximal element ({pi}i, u), a contradiction. 



(4.4.2) 



a t (y)vP(v*) = vy[3(v*) = vp(v*)a_ t (y),Vy E Q. 



(4.4.3) 



v'y = oi 2t {y)v',My E Q. 



Q.E.D. 
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Theorems 4.1, 4.4 allow in fact the control of inclusions 9p{P) C L(G) s/3 from 
above as well: 

4.6. Corollary. Let G be a discrete ICC group, a : G — > Aut(iV, t), M = N G, 
s > and Q C M s a diffuse, relatively rigid von Neumann subalgebra, with P = 
J^M a (Q)" a factor. Assume that either a is malleable mixing with P not embeddable 
into N , or that N is abelian and a is sub malleable mixing. If P D L(G) S then 
P = L(G) S , and thus Q c L(G) S as well. 

Proof. Since P, L(G) S are factors, it is sufficient to prove that there exists a non-zero 
projection p G V{L(G) S ) C P(P) such that pPp cI(G). 

In case a is malleable mixing, by Theorem 4.1 it follows that if a is a gauged 
extension for a then there exists (3 G S(a) and 9p G Autp(M; a) such that Op{P) C 
L(G) s/? . In particular, since P D L(G) S this implies 6p(L(G) s ) C L(G) s/? . But 
then Theorem 3.1 implies (3 = 1 and that 6p is actually implemented by a unitary 
element in L(G) S . The case iV abelian, a sub-malleable follows similarly, using 4.4 
(a) instead of 4.1. Q.E.D. 

5. Strong rigidity of the inclusions L(G) g N y\ a G 

The "absorbtion" results in the previous Section allow us to prove here that any 
isomorphism between amplifications of factors of the form iV x a G, with G satisfy- 
ing a weak rigidity property, iV approximately finite dimensional (or merely having 
Haagerup's property) and a malleable mixing, can be perturbed by an automor- 
phism coming from a given gauged extension so that to carry the subalgebras L(G) 
onto each other. We consider the following terminology: 

5.1. Definitions. 1°. Given a group T, an infinite subgroup A C V is wq-normal 
in r if for any intermediate subgroup A C H ^ V there exists g G F\H such that 
gHg~ x fl H is infinite. In particular, if there exist subgroups A = A C Ai C ... C 
A n = T with Ai C Aj + i normal VO < % < n — 1, then A is wq-normal in T. An 
example of a non wq-normal inclusion of groups is A C T = A * Kq with Kq non 
trivial. However, A C (A * K ) x K is a wq-normal inclusion whenever A, K are 
infinite groups. 

2°. A discrete group V is w-rigid if it contains an infinite normal subgroup with 
the relative property (T) of Kazhdan-Margulis ([Ma]; see also [dHV])). Also, we 
denote by w% the class of groups V having a non virtually abelian wq-normal 
subgroup A C T with the relative property (T) . 

If an infinite group H has the property (T) of Kazhdan ([Ka]) then any group 
G having H as a normal subgroup is w-rigid. For instance G = H x K for some 
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arbitrary group K acting on H by (possibly trivial) automorphisms. Other exam- 
ples of w-rigid groups are the groups G = Z 2 x T with T C SL(2, Z) non-amenable 
(cf. [Ka], [Ma], [Bu]), and G = Z m x T with T arithmetic lattice in SO(n, 1) or 
SU(n, 1), for suitable m and suitable actions of V on Z m (cf. [Va]). Also, note 
that the class wTq is closed to normal and finite index extensions and to inductive 
limits. 

5.2. Theorem. Let Gi be w-rigid ICC groups, o~i : Gi — > Aut(iVj, r;) malleable 
mixing actions with gauged extensions Gi and Mi = x^.G^, i = 0, 1. Let 6* : M ~ 
M-f 6e an isomorphism, for some s > 0. XTien £/iere exist unique ft G <S(5"i) and 
«m?«e 0*,. G Aut^M,;^) s«c/i tfiat ^ {9{L{G ))) = L(G 1 ) S ^ ; (9(^(L(G ))) = 
L(Gi) s/3 ». Moreover, /3 = Pi- 

N.B. The uniqueness above is modulo perturbations by inner automorphisms 
implemented by unitaries from the appropriate amplifications of L(Gi). 

Proof. Let Hi C be infinite wq- normal, relatively rigid subgroups, % = 0,1. 
Thus, = L(Hi) is diffuse and the von Neumann algebra Pi generated by its 
normalizer AfjMiiQi) i n Mi contains L{Gi) (because Hi is normal in Gi). Moreover, 
by Theorem 3.1, Pi is contained in L(Gi). Thus, Pi = L{Gi). 

By applying Theorem 4.1 to 6(Q ) C 0(P ) C M(, it follows that there exist 
unique ft G S(cri) and ^ G Aut A (M i; a x ) such that ^(^(Po)) C L(Gi) s/31 . 
Thus, o ^)" 1 (L(Gi)) D P = i(G ) and by Corollary 4.6 we actually have 
equality. Q.E.D. 

We mention in separate statements the case of actions on probability spaces, 
where due to Theorem 4.4 we can require the actions a to be merely sub malleable 
(resp. sub s-malleable) . The proof is identical to the one for 5.2 above, using 4.4. (i) 
(resp. (4.4. (ii)) in lieu of 4.1, and it is thus omitted. 

5.3. Theorem. Let a : G — > Aut(AT, t), o~ : Go Aut(A^ ,r ) be free ergodic 
actions of discrete groups on abelian von Neumann algebras N,N . Denote M = 
N x a G, M = N x ao Go ■ Let also H C G' C Go be subgroups with H wq-normal 
in G'q. Assume: 

(a) . G is ICC; a is sub malleable mixing. 

(b) . H is w-rigid, \hgh~ 1 \ h G H} is infinite \fg G Go,g ^ e; ao\H is ergodic. 

If 6 : Mq ~ M s is an isomorphism, then there exists u G U(M S ) such that 
u9(L(G' Q ))u* C L(G) S . In particular, if (a, G) satisfies (a) and Go is w-rigid ICC 
then u9(L(Gq))u* C L(G) S . Moreover, if both Go, G are w-rigid ICC and both o~o, o~ 
sub malleable mixing then u9(L(Gq))u* = L(G) S . 
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5.3'. Theorem. Instead of (a) , (b) in 5.3, assume 
(a 1 ). G is ICC; a is sub s-malleable mixing. 

(b 1 ). H has the relative property (T) in Go (i.e. (Gq,H) is a property (T) pair) 
and is not virtually abelian. 

If 9 : Mq ~ M s is an isomorphism, then there exists u G U(M S ) such that 
u9(L(G' ))u* C L(G) S . Moreover, if both G$,G are ICC and in the class wTq and 
both Co, o~ sub s-malleable mixing then u9(L(Go))u* = L(G) S . 

Theorems 4.1,5.2,5.3, 5.3' are key ingredients in the proof of strong rigidity 
results for isomorphisms of cross product factors N x ao Go , N x a G for G w-rigid 
or in the class w% and a commutative or non-commutative Bernoulli shifts, in 
([Po6]). This will allow us to classify large classes of factors N G, with explicit 
calculations of various invariants, such as ^(N x CT G). 

In this paper we only mention a straightforward application of Theorems 5.2 and 
of results from ([Po3]): It shows that the fundamental group <<F(N x a G) is equal to 
S(a) for any gauged extension a of a malleable mixing 0, in the case G = Z 2 x T, 
where T is a subgroup of finite index in SX(2,Z), or if G = Z N x T where T is 
an arithmetic lattice in either SU(n, 1) or SO(2n, 1) suitably acting on 7i N , or 
more generally, if G is a finite product of any of the above groups. Taking to 
be Connes-St0rmer Bernoulli or Bogoliubov shifts, this result already gives many 
examples of factors and equivalence relations with arbitrarily prescribed countable 
fundamental group. 

5.4. Corollary. 1°. Let G be a w-rigid ICC group and a properly outer mixing 
action of G on a AFD von Neumann algebra (N, r) (more generally a finite von 
Neumann algebra with Haagerup's approximation property). Assume a is malleable 
mixing (resp. N abelian and a sub malleable mixing). If ^(L(G)) = {1} then 
,^(N X,,- G) = S(a) for any gauged extension a of a (resp. ,^(N x a G) = {1}). In 
particular, this is the case if L(G) is a HT factor and (3 n (L(G)) ± 0, 00 for some 
n. 

2°. Let Gi be w-rigid ICC groups and o~{ malleable mixing actions of Gi on AFD 
algebras (ATj,Tj), % = 0, 1 (resp. sub malleable mixing, with abelian, i = 0,1). 
Assume L(Gi) are HT factors with (3 n (L(Gq)) = and (3 n (L(G\)) 7^ 0, 00 for 
some n. Then No x^ Go is not stably isomorphic to Ni x (Jl G\. 

Proof. Assume first that in part 1° and o~i in part 2° are malleable. 

Under the hypothesis in 2°, denote Mj = iV; » ffj Gi and assume 9 : M — M[ is 
an isomorphism, for some s > 0. Let 01 be a gauged extension for ai. By 5.2 there 
exists (3 G S(ai) and an isomorphism Op : Mf ~ such that 9p(9(L(Go))) = 
L(Gi) s/3 . 



34 



SORIN POPA 



Thus, if we take G; = G, Ni = N, ^ = a as in part 1°, then &(L(G)) = {1} 
implies st = 1, thus s = 1/t G S(ai), showing that ,^{N x CT G) C S(a). Since we 
always have S(a ) C J^(A" x CT G), the equality follows. 

The rest of 1° and part 2° are now trivial, by the first part of the proof and 
([Po3]). 

If we assume N, Ni abelian and a, Uj, i = 0, 1, sub-malleable, then the proofs are 
the same, but using 5.3 instead of 5.2. Q.E.D. 

5.5. Corollary. Let S be a multiplicative subgroup in R+. For eac/i n > 2 and 
> 1 i/iere exists a properly outer action a Ujk of (F n ) fc = F n x . . . x F n (/c times) on 
an AFD Hi factor N such that jF(iV x CTji k F^) = S 1 , Vn, /c, and swc/i it/iait /or eac/i 
n > 2 i/ie factors {N y\ an k (¥ n ) k }k are non-stably isomorphic. Moreover, N can be 
taken generated by at most \S\ elements as a von Neumann algebra. In particular, 
if S is countable then N can be taken the hyperfinite Hi factor R. 

Proof Let G n , fc = (Z 2 ) fc x (F n ) fc = (Z 2 x ¥ n ) k , where the action of F n on Z 2 comes 
from an embedding of finite index F n C 5X(2,Z). Let a' n k be a Connes-St0rmer 
Bernoulli shifts action of G n ^ on an AFD 1^ factor N, with gauged extension 
a' nk satisfying S(a' nk ) = S (cf. last paragraph in 1.6.2). Since G n ^ are w-rigid, 
by 5.3 the factors M nk = N x CT / G n & satisfy &(M n k) = S. Also, for each 
n > 2 {M n /j}fc are mutually non stably isomorphic, because by [Po3] we have 
/3 k T (L(G n , k )) = /3 k ((¥ n ) k ) ^0,oo while f3j T ' (L(G n , k )) = for all j ^ k. But 
A^ x CT ' k (Z 2 ) fc ~ i?, so denoting by a njk the corresponding action of (F n ) k on 
A^ y\ a i k (Z 2 ) fc , the first part of the statement follows. The last part is now trivial, 
since for S countable we can take the base of the shift to be a separable type I 
factor. Q.E.D. 

Note that in the case of Connes-St0rmer (M kxk , </? )-Bernoulli shift actions a : 
G — > Aut(A r , r) (1.6.2), the cross product factors M = N x CT G can be realized 
as a generalized group measure space construction as in ([FM]), i.e., there exists 
a standard ( = countable, ergodic, measure preserving) equivalence relation 1Z on 
the standard probability space such that M = M(1Z). Indeed, this is because a 
normalizes the "main diagonal" Cartan subalgebra A of N, thus normalizing the 
corresponding hyperfinite equivalence relation TZacn as well, inducing altogether 
an equivalence relation 1Z = IZacm, with trivial cocycle. 

Moreover, in each of these cases the automorphisms in Aut J g(M;6r), given by 
the gauged extensions a that come with the construction of a, can be chosen to 
normalize the Cartan subalgebra A C N C M as well. Thus, in each of these cases 
one has S(a) C J?(1Z). For non-commutative Bernoulli shifts a this observation has 
been exploited in [GeGo] to prove the existence of standard equivalence relations 
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with the fundamental group countable and containing a prescribed countable set. 
Due to the obvious inclusion J?(1Z) C ^(M(TZ)), Corollaries 5.3 and 5.4 allow us 
to actually obtain precise calculations of fundamental groups of the corresponding 
equivalence relations: 

5.6. Corollary. Let S be a countable multiplicative subgroup in Rl. There exist 
standard equivalence relations TZ such that JP(TZ) = S. Moreover, given any n > 
2,k > 1, TZ can be taken of the form TZ = TZ n Xo-„ fe (F n ) fc , where TZ n C TZ is 
an ergodic hyperfinite sub- equivalence relation and is a free ergodic action of 
(¥ n ) k on the probability space, which normalizes TZ n and acts outerly on it. Also, the 
equivalence relations {TZ n x (F n ) fc }/ C can be taken mutually non-stably isomorphic. 

Proof. In each of the examples used in the proof of 5.4, for fixed n > 2, k > 1, take A 
to be the "main diagonal" Cartan subalgebra of N ~ R which is normalized by the 
action a' n k of (Z 2 ) fc x (F n ) fc . Thus, the hyperfinite equivalence relation TZacR * s m ~ 
variant to o' n k . It follows that if we let TZ n be the equivalence relation implemented 
by TZacR and cf' n fc ^ z2 ^ fe , and TZ be the equivalence relation implemented jointly by 

TZ AC R and the action a' n k of (Z 2 ) fc x (¥ n ) k then M = i? fc ((Z 2 ) fc x (F*)) coin- 
cides with the factor M(H) associated with TZ. Thus, ^(TZ) C &{M) = S. Since 
we also have S C ^{H), we are done. Q.E.D. 

5.7. Remarks. 1°. The examples of factors and equivalence relations with pre- 
scribed countable fundamental group S C IR+ can alternatively be described as 
follows: Let (Yq, i/q) be an atomic probability space with the property that the 
ratio set {vo(x) /vo{i)) \ x,y e Y } generates the group S. Let G = Z 2 x SL(2,Z). 
Let (X, n) = U g (Yo, vo) g . Denote by IZq the equivalence relation on (X,y) given 
by ( x g)g ~ (Vg)g iff 3F C G finite with x g = y g ,Vg G G \ F, Yl geF ^o(x g ) = 
H ge FHo(y g )- Denote Rq = M(TZq) the von Neumann algebra associated with TZq, 
isomorphic to the hyperfinite Hi factor. Note that the Bernoulli shift action ctq of 
G on (X, |u) leaves TZq invariant, thus implementing an action a of G on Rq and an 
equivalence relation S = 1Z x G on (X, (i). If we let TZ = 1Z x Z 2 , R = R x cro Z 2 
and a' be the action of SL{2, Z) on R implemented by cr, then the action a Ui i in the 
proof of 5.4 and 5.5 coincides with the restriction of a' to a subgroup F n C SL{2, Z). 

2°. In ([Fu]), A. Furman provided examples of ergodic countable measure pre- 
serving equivalence relations TZ with the property that TZ 1 is not implementable 
by a free ergodic action of a countable group, V£ > 0, thus solving a longstanding 
problem in ([FM]). It seems that the equivalence relations constructed in part lo 
above and in the proof of 5.4 give another class of examples of equivalence relations 
with this property, whenever S ^ {!}. However, we were not able to prove this. 
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6. The factors N y\ a G and the class HT 

In this Section we relate the class of cross product factors N y\ a G studied in this 
paper with the HT factors in ([Po3]), proving that the two classes are essentially 
disjoint. More precisely, we prove that if a is sub-malleable mixing, then N x CT G 
cannot be HT , a property in between the HT and HT conditions considered 

WS ' XT XT J s 

in ([Po3]). In the process, we obtain two new examples of free ergodic measure 
preserving actions of F n on the probability space, 2 < n < oo, non orbit equivalent 
to the three actions constructed in (8.7 of [Po3]). 

In fact, one can show that these two actions are not orbit equivalent to the 
"residually finite" actions of ¥ n constructed in ([Hj]) either, thus providing the 5'th 
and 6'th distinct actions of F n . We will discuss this fact in a forthcoming paper. 
In this respect, we should mention that by ([GaPo]) one knows that there exist 
uncountably many non orbit equivalent free ergodic measure preserving actions of 
F n on the probability space, for each 2 < n < oo. However, this is an "existence" 
result, so it is still quite interesting to prove that certain specific actions of ¥ n are 
not orbit equivalent. 

6.1 Definition. A Cartan subalgebra A in a Hi factor M is called a HT ws Cartan 
subalgebra if M has the property H relative to A and there exists a von Neumann 
subalgebra A C A such that: A' n M = A, J\f M (A )" = M, A C M is a rigid 
inclusion (see [Po3] for the definitions of relative property H and rigid inclusions). 

Recalling from ([Po3]) that a Cartan subalgebra A C M is HT s (resp. HT) if 
M has the property H relative to A and A C M is rigid (resp. 3 Aq C A with 
A' n M = A and A C M rigid), it follows that AcMis HT a implies A is HT ros , 
which in turn implies A is HT. Note also that all concrete examples of HT Cartan 
subalgebras constructed in ([Po3]) are in fact HT^ s (see the proof of Corollary 6.3 
below). In particular, this is the case with the examples coming from the actions 
o-i, % = 1, 2, 3, in (5.3.3° and 8.7 of [Po3]). 

6.2. Theorem. Let V be an infinite group with Haagerup's compact approximation 
property. 

1°. If a is a sub-malleable mixing action of V on (N,t) then M = N y\ a V 
contains no diffuse subalgebra Q C M with P = Mm{Q)" a factor and Q C P 
rigid. In particular, M is not a HT ros factor. 

2°. If a : Go Aut(L°° (X , fi)) is a free ergodic action such that A C A G 
is a rigid inclusion, then for any ergodic action a' : Go — > Aut(L°°(X / , //)), the 
diagonal product action a® a' : Go — > Aut(L°°(X x X' , \i x n') gives rise to a HT ms 
Cartan subalgebra L°°(X x X' ', fxxfx') = AcM = A ^ ffX(J » Go- 
Proof 1°. By Theorem 4.4, if Q C M is diffuse with N M {Q)" = P a factor and 
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Q C P rigid, then there exists Op G Autp(M; {o n } n ) with Op(P) C L(G)° , for some 
(3 G S({a} n ), {o} n being a given sequence of gauged extensions for o. 

By (4.5.2° in [Po3]), it follows that Op(Q) C L(G) is a rigid inclusion. By 
cutting with an appropriate projection q G Q of sufficiently small trace, it follows 
that we have a rigid inclusion Qo C pL(G)p, where 1q = p = Op(q) G £(G) and 
Qo = Op(qQq). 

On the other hand, by (3.1 in [Po3]) M has the property H relative to N, so 
there exists a sequence of unital iV-bimodular completely positive maps $ n on M 
such that lim ||<& n (x) — x\\2 = 0, \/x G M, r o $ n = r and $ n i£2(n compact, Vn. 

n — >oo 

By the rigidity of Qo C pMp applied to the completely positive maps p& n (p • p)p 
on pMp, it follows that lim ||p$ n (u)p — 2 = uniformly for u G U(Qo). Since, 

n — >oo 

we also have lim ||<& n (p) —p\\2 = 0, it follows that there exists n such that $ = $ n 
satisfies 

(6.2.1) - u|| 2 < r(p)/2, Vu G W(Q ) 

But Qo diffuse implies there exists a unitary element w G Qo such that r(f m ) = 
0,Vm 7^ 0. Since $ n is compact on £ 2 (r) = L 2 (L(r),r) and v m tends weakly to 
0, it follows that lim ||<E>(i; m ) || 2 = 0, and for m large enough, u = v m contradicts 

m— >oo 

6.2.1. 

2°. If we put Aq = L°°(X, /j,) C A then by construction we have Aq C M rigid 
inclusion and A' fl M = A. Since jVm(^-o) contains both U{A) and the canonical 
unitaries {u g } g implementing the cross product, we also have Mm{Aq)" = M. 
Q.E.D. 

6.3. Corollary. Let Y be an ICC group with Haagerup's compact approximation 
property. Assume V can act outerly and ergodically on an infinite abelian group 
H such that the pair (H x r, H) has the relative property (T). Denote by o~\ the 
action of V on L°°(A A i, / ui) ~ L(H) implemented by the action ofT on H. Let ctq 
be a (classic) Bernoulli shift action ofY and a' an ergodic but not strongly ergodic 
action of V on L°°(X', fj,') (cf. [CW]J. Let 02,03 denote the product actions ofY 
given by a 2 (g) = ci{g) <S> cr (g), a 3 (g) = a^g) <g> a'{g). Then o i7 < i < 3, are 
mutually non orbit equivalent. 

Moreover, if Y has an infinite amenable quotient Y' , with a : Y — > r' the cor- 
responding quotient map, and if o denotes a Bernoulli shift action of Y' on the 
standard probability space, then we can take a' above of the form a' = o °a and the 
product action 04 = 00 <8> (a o o ) is not orbit equivalent to ai, < % < 3. Also, o\ 
has at most countable Out-group while 00,02,03,04 have uncountable Out-group. 
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Proof. Note first that the condition on H C H x V in the hypothesis of the statement 
is equivalent to L(H x T) being a HT s factor with L(H) its HT s Cartan subalgebra, 
in the sense of [Po3]. 

By 1.6.1, both oq and 04 implement malleable mixing integral preserving actions 
on the standard non-atomic abelian von Neumann algebra A. By 6.2.2°, A x tJi V, i = 
1, 2, 3, are HT^ s factors, while by 6.2.1° it follows that A>\ a .T are not isomorphic 
to A T for j = 0, l,i = 1,2,3. Thus, by ([FM]), oj are not orbit equivalent 
to <7j, for j = 0, 1 and i = 1,2, 3. Also, since V is amenable, the action o' is not 
strongly ergodic, so a 4 is not strongly ergodic either. Thus o and a 4 are not orbit 
equivalent. Q.E.D. 

6.4. Corollary. For each 2 < n < oo, {crj} <i<4 give five free ergodic measure 
preserving actions of ¥ n on the standard probability space that are mutually non 
orbit equivalent. Moreover, o\ has at most countable Out-group while 0^,02,0^,0^ 
have uncountable Out-group. 

Proof. This is immediate from 6.3, since ¥ n does have infinite amenable quotients. 
Q.E.D. 
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